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SIMULATING	LATTICE	GAUGE	
THEORIES	WITH	COLD	ATOMS



OUTLINE

QUANTUM	SIMULATION
COLD	ATOMS	IN	OPTICAL	LATTICES
HAMILTONIAN	LATTICE	GAUGE	THEORY	(LGT)	

ANALOG	SIMULATION:		LGT
– REQUIREMENTS	
– EXACT	AND	EFFECTIVE	LOCAL	GAUGE	INVARIANCE
– LINKS	AND	PLAQUETTES	– Examples:	cQED,	SU(2)
DIGITAL	SIMULATION	

 CURRENT	EXPERIMENTS
OUTLOOK.



QUANTUM	SIMULATION
ANALOG



COLD	ATOMS



COLD	ATOMS



COLD	ATOMS	
OPTICAL	LATTICES



COLD	ATOMS	
OPTICAL	LATTICES

In	the	presence		𝑬 𝑟, 𝑡 the	atoms	has	a	time	dependent	dipole	moment	
𝑑 𝑡 = 𝛼 𝜔 𝑬 𝑟, 𝑡 of	some	non	resonant	excited	states.	
Stark	effect:

V r ≡ ΔE r = 𝛼 𝜔 〈 𝑬 𝑟, 𝑡 𝑬 𝑟, 𝑡 〉/𝛿

𝛿
Atom	



COLD	ATOMS	
OPTICAL	LATTICES

(a)					2d	array	of	effective	1d	traps
(b)														3d	square	lattice

M.	Lewenstein et.	al,	Advances	in	Physics,	2010.



COLD	ATOMS	
OPTICAL	LATTICES



COLD	ATOMS
QUANTUM	SIMULATIONS



COLD	ATOMS	
QUANTUM	SIMULATIONS



24	<	ORDERS	OF	MAGNITUDE!!



LONG	RANGE	FORCES?	



LONG	RANGE	FORCES?	



REQUIRE	FORCE	CARRIER	

‘NEW	FIELD’



REQUIRE	FORCE	CARRIER	

‘GAUGE	FIELD’



THE	STANDARD	MODEL

• Matter:=			fermions							
(Quarks	and	Leptons w.

mass,	spin	1/2,	flavor,	charge)

• Interactions	mediators	:=	YM	gauge	fields
(spin	1	bosons)	.	

Electromagnetic:		massless	chargeless photon,			(1),			U(1)
Weak	interaction	:					massive,	charged		Z,	W’s	,		(3),					SU(2)
Strong	interaction	:		massless	Gluons	,		(8),				SU(3)



GAUGE	FIELDS

Abelian Fields
Maxwell	

Non-Abelian fields
Yang-Mills	

Massless Massless

Long-range	forces Confinement

Chargeless Carry	charge

Linear	dynamics Self	interacting	& NL



𝛼345	 ≪ 1,						𝑉345 𝑟 ∝ :
;

We	(ordinarily)	don’t		need	QFT	quantum	field	theory	to	
understand	the	structure	of	atoms:

𝑚=𝑐? ≫ 𝐸BCDE=;F ≃ 𝛼345? 	𝑚=𝑐?

But	also	higher	energies	effects	are	well	described	using	
perturbation	theory	- (Feynman	diagrams)	works	well.

QED



• Quantum	Chromodynamics	asymptotic	freedom:
at	high	energies,	coupling	constant	‘goes’	to	zero.

• The	nucleus,	are	seen
as	built	of	‘free’	point-like
particles=	quarks.

QCD:	AT	HIGH	ENERGY
ASYMPTOTIC	FREEDOM

r

V(r)

“Strong	Coulomb	potential”



QCD:	AT	LOW	ENERGIES	
ASYMPTOTIC	FREEDOM

𝛼3H5 > 1	, 	𝑉3H5 𝑟 ∝ 𝑟	
Non-perturbative		confinement	effect

No	free	quarks!		they	construct	Hadrons:
Mesons	(two	quarks),
Baryons	(three	quarks),
…
Color	Electric	flux-tubes:	
“a	non-abelian	Meissner effect”. r

V(r)
Static	pot.
for	a	pair
of	heavy
quarks

Coulomb

Confinement

Q Q

Q Q



(some)	OPEN	PROBLEMS

–Mass	gap	of	Yang-Mills	(pure	gauge)	theories.
–Phases	of	non-Abelian	theories	with	fermionic	matter
–Color	superconductivity?
– Quark-gluon	Plasma.
– Confinement/deconfinement of	dynamical	charges

–High-Tc	superconductivity	?
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LATTICE	GAUGE	THEORY



Generators:

Gauge	transformation:

Gauge	group	elements:

Ur is	an	element	of	the	gauge	group	(in	the	representation	r),	
on	each	link	

Left	and	right	generators:

LATTICE	GAUGE	THEORIES
HAMILTONIAN	FORMULATION



Gauge	transformation:

Matter:

LATTICE	GAUGE	THEORIES
HAMILTONIAN	FORMULATION



Matter	dynamics:

Gauge	field	dynamics (Kogut-Susskind	Hamiltonian):

Strong	coupling	limit:	g	>>	1
Weak	coupling	limit:	g	<<	1

LATTICE	GAUGE	THEORIES
HAMILTONIAN	FORMULATION



TOY	EXAMPLE:	U(1)

𝜓K 𝜓KL:



TOY	EXAMPLE:	U(1)

H	is	invariant	under	global transformations:



TOY	EXAMPLE:	U(1)

Promote	the	transformation	to	be	local:

Add	a	new	field on	the	links:

𝜓K 𝜓KL:



TOY	EXAMPLE:	U(1)

Invariance	under	a	local gauge	transformations:



TOY	EXAMPLE:	U(1)

Gauge	field dynamics:

KS:	“U(1)	Rigid	rotatator”	



Gauge	field	dynamics:	PLAQUETTES

In	the	continuum	limit,	this	REDUCES	to	 𝛻×𝑨 ? : the	magnetic	
energy	density.

TOY	EXAMPLE:	U(1)



COMPACT	QED		(cQED)

+

Electric	energy			+				Magnetic	energy			+		Gauge-Matter	interaction

+



QUANTUM	SIMULATIONS





REQUIREMENTS:		HEP	models

Fields
Fermion Matter	fields
Bosonic gauge	fields

Local	gauge	invariance
Exact,	or	low	energy,	effective	

Relativistic	invariance
Causal	structure,	in	the	continuum	limit



QUANTUM	SIMULATION
COLD	ATOMS

Fermion matter	fields
Bosonic gauge	fields

Superlattices:

Atom	internal	levels



1)	EFFECTIVE	GAUGE	INVARIANCE

Gauss’s	law is	added	as	a	constraint.	Leaving	the	gauge	invariant	sector	of	
Hilbert	space	costs	too	much	Energy.

Low	energy	sector	with	a	effective	gauge	invariant		Hamiltonian.

E.	Zohar,	B.	Reznik,			Phys.	Rev.	Lett.	107,	275301	(2011)	

Δ ≫ 𝛿𝐸

…
..

𝛿𝐸

Gauge	invariant	sector

Not	Gauge	invariant



2)			EXACT	GAUGE	INVARIANCE

• Atomic	Symmetries				« Local	Gauge	Invariance

ABELIAN	CASE:
E.	Zohar,	J.	I.	Cirac,	B.	Reznik,	Phys.	Rev.	A	88 023617	(2013)

NON-ABELIAN	CASE:
E.	Zohar,	J.	I.	Cirac,	B.	Reznik,	Rep.	Prog.	Phys.	79,	014401	(2016)



LINKS



cQED LINK

F-B	Scattering



𝜓D

ΦQ,ΦE

F
Fermion

𝜓R

cQED LINK



F
Fermion

𝜓D

ΦQ,ΦE

𝜓R

LZ LZ - 1

cQED LINK



F
Fermion

𝜓D

ΦQ,ΦE

𝜓R

cQED LINK



F
Fermion

𝜓D

ΦQ,ΦE

𝜓R

LZ LZ +	1

cQED LINK



𝜓RS ΦQ
S ΦE𝜓D + 𝜓DS ΦE

S ΦQ𝜓R

mF (c)

mF (d)

mF (a)

mF (b)

𝜓D

ΦQ,ΦE

𝜓R

cQED LINK



mF (c)

mF (d)

mF (a)

mF (b)

𝜓D

ΦQ,ΦE

𝜓R

𝜓RS ΦQ
S ΦE𝜓D + 𝜓DS ΦE

S ΦQ𝜓R

cQED LINK



mF (c)

mF (d)

mF (a)

mF (b)

𝜓D

ΦQ,ΦE

𝜓R

𝜓RS ΦQ
S ΦE𝜓D + 𝜓DS ΦE

S ΦQ𝜓R

cQED LINK



𝐿L = ΦQ
S ΦE ;	𝐿V = ΦE

S ΦQ

𝐿W =
:
?
𝑁Q − 𝑁E ;𝑙 = :

?
𝑁Q + 𝑁E ΦQ,ΦE

cQED LINK



and	thus	what	we	have	is

𝜓R
S𝐿L𝜓D ~𝜓R

S𝑒]^𝜓D

𝜓R
SΦQ

S ΦE𝜓D + 𝜓D
SΦE

S ΦQ𝜓R

𝐿L = ΦQ
S ΦE ;	𝐿V = ΦE

S ΦQ

𝐿W =
:
?
𝑁Q − 𝑁E ;𝑙 = :

?
𝑁Q + 𝑁E

where	for	large	𝑙 ,	𝑚 ≪ 𝑙
𝐿L~𝑒] _`V_a ≡ 𝑒]^

ΦQ,ΦE

cQED LINK



DYNAMICAL	FERMIONS

Staggered	Fermions”
L.	Susskind	Phys.	Rev.	D	16,	3031	(1977)



DYNAMICAL	FERMIONS
SHWINGER	MODEL



NON-ABELIAN	LINK

Ur =	element	of	the	gauge	group	

Ur



NON-ABELIAN	LINKS

L																																													R“NON-ABELIAN
CHARGE”

	𝐻c]Kd = { 𝑗,𝑚,𝑚g } =	⊕j 	 [𝑗l ⊗ 𝑗B]oQp4			



SU(2)		EXACT

𝐻c]Kd = 0⊕ (
1
2⊗

1
2)



SU(2)			EFFECTIVE

Ancillary	“constraint”	Fermion

On	each	link	– a1,2 bosons	on	the	left,	b1,2 bosons	on	the	right

“color”	fermions



PLAQUETTES



PLAQUETTES

1d	elementary	link	interactions	– already	gauge	invariant		
building	blocks	of	effective	plaquettes

Auxiliary	fermions	:=



PLAQUETTES

1d	elementary	link	interactions	– already	gauge	invariant		
building	blocks	of	effective	plaquettes

Auxiliary	fermions	:=



PLAQUETTES

1d	elementary	link	interactions	– already	gauge	invariant	
building	blocks	of	effective	plaquettes

Auxiliary	fermions
– virtual	processes



PLAQUETTES

1d	elementary	link	interactions	– already	gauge	invariant	
building	blocks	of	effective	plaquettes

Auxiliary	fermions
– virtual	processes



PLAQUETTES

1d	elementary	link	interactions	– already	gauge	invariant	
building	blocks	of	effective	plaquettes

Auxiliary	fermions
– virtual	processes
- plaquettes.



PLAQUETTES

1d	elementary	link	interactions	– already	gauge	invariant	
building	blocks	of	effective	plaquettes

Auxiliary	fermions
– virtual	processes
- plaquettes.

OKAY	for:				discrete,		abelian
&	non-abelian groups



DIGITAL	SIMULATION	

2

C

1

Three	atomic	layers	w.	movable	control	atoms

E.	Zohar,	A.	Farace,	B.	Reznik,	J.	I.	Cirac,	 PRA	2017.
E.	Zohar,	A.	Farace,	B.	Reznik,	J.	I.	Cirac,	PRL	2017.



Lattice	Gauge	Theory	with	Stators

ML

C

Matter	Fermions
Link	(Gauge)	degrees	of	freedom
Control	degrees	of	freedom

E.	Zohar,	A.	Farace,	B.	Reznik,	J.	I.	Cirac,	 Phys.	Rev.	A	2017.
E.	Zohar,	A.	Farace,	B.	Reznik,	J.	I.	Cirac,	Phys.	Rev.	Lett.	2017.



Digital	Lattice	Gauge	Theories

ML

C

The	Z2 example:

- Plaquette interactions

- Link	interactions



Plaquettes:	Four-body	Interactions

M1

C 2

3

4

Stators:	two-body	interactions	à four-body	interactions
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Plaquettes:	Four-body	Interactions
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Plaquettes:	Four-body	Interactions

M1

C 2

3

4

Stators:	two-body	interactions	à four-body	interactions



DIGITAL	SIMULATION

A	bipartite	single	time	step
Trotterized time	evolution,	of	already	gauge	invariants	elements



QUANTUM	SIMULATIONS
COLD	ATOMS	– EXPERIMENTS



QUANTUM	SIMULATIONS
COLD	ATOMS	– EXPERIMENTS



QUANTUM	SIMULATIONS
COLD	ATOMS	– EXPERIMENTS



QUANTUM	SIMULATIONS
IONS	– EXPERIMENTS



QUANTUM	SIMULATIONS
COLD	ATOMS	– EXPERIMENTS

Oberthaler group



QUANTUM	SIMULATIONS
COLD	ATOMS	– EXPERIMENTS



CONFINEMENT	
TOY	MODELS

• 1+1D:		Schwinger’s	model.		

• cQED:			2+1D:	no	phase	transition	
Instantons give	rise	to	confinement		at	𝑔 < 1		(Polyakov).
(For	T	>	0:	there	is	a	phase	transition	also	in	2+1D.)

• cQED:		3+1D:	 phase	transition	between	a strong	coupling		
confining	phase,	and	a weak	coupling		coulomb	phase.	

• Z(N):			for	N ≥ 𝑁R:			 Three	phases:			electric	confinement,						
magnetic	confinement,	and	non	confinement.
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Hep simulations/GROUPS

– ICFO,	Barcelona	(Lewenstein)
– Innsbruck	(Zoller,	Blatt)
– University	of	Bern	(Wiese)
– Heidelberg	(Oberthaler,	Berges)
– UGENT	(Verstraete)
– Caltech,	UMD	(Preskill,	Jordan)
– …
– Tensor	Networks	with	LGI	(cQED in	1+1,	2+1),		
MPQ,UGENT,Ulm,Mainz



Hep simulations/GROUPS

– ICFO,	Barcelona	(Lewenstein)
– Innsbruck	(Zoller,	Blatt)
– University	of	Bern	(Wiese)
– Heidelberg	(Oberthaler,	Berges)
– UGENT	(Verstraete)
– …
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