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Abstract 

The qutrit comes next in complexity after qubit as a resource for quantum information processing. The qubit density 

matrix can be easily visualized using Bloch sphere representation of its states. This simplicity is unavailable for 

the 8-dimensional state space of a qutrit. A qutrit density matrix is of order 3 and depends on 8 parameters. There 

are many attempts at visualizing the state space of a qutrit [1-4]. 

(i) Using all 8 Gell-Mann matrices, which form a complete set for expressing 3 X 3 SU(3) matrices  

(ii) Using 6 Gell-Mann matrices supplemented by different matrices in place of two diagonal ones 

(iii) Bloch matrices and their principal minors 

The Bloch matrix approach leads to many complicated constraints on the qutrit parameters. Previous work in this 

area has focused on understanding the structure of 8-dimensional parameter spaces through 2- and 3-sections. On 

the other hand the 3-dimensional Bloch ball state space of qubit are easily visualizable..We present a scheme for 

representing qutrit state space in 3-dimensions. 

The most general qutrit density matrix can be represented using SU (3) invariant form as  𝜌𝜌 = 1
3
𝐼𝐼3 + 𝒏𝒏��⃗ .𝛌𝛌��⃗ . Here 𝐼𝐼3 

is 3 × 3  unit matrix, , 𝐧𝐧��⃗   = (𝑛𝑛1, n2,…, 𝑛𝑛8) are 8 real parameters, and , 𝛌𝛌��⃗   = (𝜆𝜆1, 𝜆𝜆2,…, 𝜆𝜆 8) are 3 × 3 Gell-Mann 

matrices. An alternative representation of the qutrit density matrix is based on the symmetric part of the 2 qubit 

Bloch matrix representing a spin-1 state. The parameters in this representation are connected to spin-1 observables: 

𝜔𝜔𝑖𝑖 =< 𝑆𝑆𝑖𝑖2 >= 𝑇𝑇𝑇𝑇(𝜌𝜌𝑆𝑆𝑖𝑖2), 𝑎𝑎𝑖𝑖 =< 𝑆𝑆𝑖𝑖 >= 𝑇𝑇𝑇𝑇(𝜌𝜌𝑆𝑆𝑖𝑖),  and 𝑞𝑞𝑘𝑘 =< 𝑆𝑆𝑖𝑖𝑆𝑆𝑗𝑗 + 𝑆𝑆𝑗𝑗𝑆𝑆𝑖𝑖 >= 𝑇𝑇𝑇𝑇�𝜌𝜌(𝑆𝑆𝑖𝑖𝑆𝑆𝑗𝑗 + 𝑆𝑆𝑗𝑗𝑆𝑆𝑖𝑖)�, 𝑘𝑘 ≠ 𝑖𝑖, 𝑗𝑗. 

Comparison of this parametrization of qutrit density matrix with the earlier one based on the Gell-Mann matrices 

gives new constraints: (i) 𝜔𝜔1 ≥ 0,𝜔𝜔2 ≥ 0,𝜔𝜔3 ≥ 0, (ii) 𝑇𝑇𝑇𝑇(𝜌𝜌) = 1 or  𝜔𝜔1 + 𝜔𝜔2 + 𝜔𝜔3 = 1, (iii) 𝒏𝒏��⃗ .𝒏𝒏��⃗ ≤ 1
3
 or 

∑ �𝜔𝜔𝑖𝑖
2 + 1

2
(𝑎𝑎𝑖𝑖2 + 𝑞𝑞𝑖𝑖2)�3

𝑖𝑖=1 ≤ 1   , and (iv) det 𝜌𝜌 ≥ 0 or 1
4
∑ 𝜔𝜔𝑖𝑖(𝑎𝑎𝑖𝑖2 + 𝑞𝑞𝑖𝑖2)3
𝑖𝑖=1 ≤ 3𝜔𝜔1𝜔𝜔2𝜔𝜔3. Earlier attempts at 

visualizing the general constraints given above have focused on 8-dimensional Cartesian space.  

The Main Result: We combine these constraints to define 3-dimensional vectors such that  𝒖𝒖��⃗ .𝒖𝒖��⃗ ≤ 1,  𝒗𝒗��⃗ .𝒗𝒗��⃗ ≤ 1, 

and  further combine them to arrive at a vector 𝐾𝐾 = �𝑲𝑲���⃗ � = 𝟏𝟏
𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝜶𝜶𝟐𝟐

√𝑢𝑢2 + 𝑣𝑣2 + 2𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢,.  The states are confined 

inside the positive octant of a 3 dimensional sphere of unit radius as the vector components are always positive by 

construction. The pure qutrit states are characterized by points on the surface whose distance from the center is 

given by 𝐾𝐾 = 1. The mixed states reside inside the volume interior to the “pure qutrit state surface”. This is similar 

to the Bloch ball of a qubit. Details will be given in the poster. 
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