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We present an experimental scheme for creating, characterizing, and manipulating freugency-entangled
qudits by shaping the energy spectrum of entangled photons. We perform various quantum information
protocols with dimension up to four and show how the method can be extended to distribute entangled
state of high dimension, open the way to quantum key distribution with large qudits.

The physical principle of nonlocality, i.e. the fact
that entangled quantum systems can exhibit correla-
tions between measurement outcomes that are not Bell-
local [1, 2], is in many different quantum information
processing applications of fundamental interested. A
prominent example of this is the possibility to perform
quantum key distributions whose security is guaranteed
without relying on any assumption about the measure-
ments being performed nor the quantum state prepared
[3]. Similarly, nonlocality is also essential ingredient for
the self-testing [4] of quantum apparatus directly from
measurement statistics. More recently, the paradigm of
device-independent quantum information [2, 5] — where
the analysis of quantum information is based solely on
the observed correlations — has also been applied in
the context of randomness expansion [6], randomness
extraction [7], dimension-witnessing [8], as well as ro-
bust certification [9], classification [10] and quantifica-
tion [11] of entanglement.

For all these tasks, an imperative step is to certify
that the observed correlation is not Bell-local — a task
that is often achieved through the violation of Bell in-
equalities [1]. Achieving a solid understanding of the
quantum violation of Bell inequalities is thus an im-
portant step towards the development of novel device-
independent quantum information processing tasks, for
instance. To date, however, the bulk of such studies
have focused on the simplest Clauser-Horne-Shimony-
Holt [12] (CHSH) Bell scenario, namely, one involving
only two parties, each performing two binary-outcome
measurements. While more complicated Bell scenarios,
such as those involving more parties [13, 14], or more
measurement settings [15-17] or more measurement
outcomes [18, 19] have also been individually consid-
ered, scenarios involving a combination of these have
so far received relatively little attention (see, however,
Refs. [20, 21]).

Stimulated through this motivation, we experimen-
tally study nonlocal correlations via the generation and
manipulation of entangled photonic qudits. Due to their
low decoherence rate, photons provide a robust carrier
of entanglement, usually produced by the nonlinear in-
teraction of spontaneous parametric down-conversion
(SPDC) [22]. The coherence of this process, together
with conservation rules, can generate entanglement in
the finite Hilbert space of polarization modes and in
continuous spaces for transverse modes or for frequency
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FIG. 1. Schematic overview of the experimental setup. We
generate entangled photon pairs via spontaneous paramet-
ric down-conversion (SPDC) by pumping a nonlinear crystal
with a quasi-monochromatic laser. The generated biphoton
state, entangled in the energy-time degree of freedom, is sub-
sequently manipulated via a prism-based pulse shaper includ-
ing a spatial light modulator (SLM) as reconfigurable modu-
lation device. Finally, coincidences are detected through sum-
frequency generation (SFG) via a second nonlinear crystal.

modes. Regarding quantum key distribution, the latter
is the most suitable degree of freedom in order to dis-
tribute entanglement over a large distance through op-
tical fibers.

As depicted in Fig. 1, we make use of an experimen-
tal setup derived from a classical pulse-shaping arrange-
ment, containing a spatial light modulator (SLM) as re-
configurable modulation tool. It allows for full coherent
control over entangled qudits through coherent modu-
lation of the broadband biphoton spectrum, generated
via SPDC. Up to first order in perturbation theory, the
corresponding biphoton state is described by
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where the leading order vacuum term is omitted. By
acting on the composite vacuum state |0); |0),, the op-

erators dzs(Q) create the idler (i) and signal (s) photon

at relative frequency Q (with respect to wg’c ). Since we

assume a continuous pump field as well as degenerate
center frequencies w,; = w.; = %, for idler and signal
photon, respectively, the joint spectral amplitude (JSA),
in general being a two-dimensional function denoted by
A(£2;,9,), simplifies to A(2) with Q = Q, = —Q;, as
used in Eq. 1. The detection of the photon pair is re-
alized by optical ultrafast coincidence of the two entan-
gled photons in sum-frequency generation (SFG). Intrin-
sically, the setup is phase stable and can implement any
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FIG. 2. Experimentally measured Bell parameters Slzxﬁ , based
on a one-parameter family of entangled two-qutrit states. Z7,*
is a ternary-outcome Bell inequality that is maximally violated
by a maximally entangled two-qubit state, whereas 775" is max-
imally violated by performing a genuine POVM, or in other
words, non-projective measurements on a partially entangled
two-qubit state.

discretization of the continuous spectrum. Due to high
flexibility by means of the SLM, we are able to encode
with the same setup energy-bin and time-bins, but also
other energy modes, like Schmidt modes of entangled
states [23].

Several quantum information protocols are realized in
the energy-bin basis, including quantum state tomogra-
phy up to d = 4 [24], quantum state estimation [25] and
violation of Bell inequalities. By means of the present
setup, we studied the violation of the CHSH inequal-
ity employing entangled qubits and the Collins-Gisin-
Massar-Linden-Popescu (CGLMP) inequality with entan-
gled qutrits [26]. Further we considered a more complex
Bell scenario, incorporating three ternary-outcome mea-
surements, reported in [27]. Surprisingly, all these in-
equalities involving only genuine ternary-outcome mea-
surements can be violated maximally by some two-qubit
entangled states, such as the maximally entangled two-
qubit state. This gives further evidence that in analyzing
the quantum violation of Bell inequalities, or in the ap-
plication of the latter to device-independent quantum in-
formation processing tasks, the commonly-held wisdom
of equating the local Hilbert space dimension of the op-
timal state with the number of measurement outcomes
is not necessarily justifiable. In Fig. 2 and Fig. 3, we
show exemplarily experimentally measured Bell param-
eters for the two inequalities 775" and Z7}* by means of a
one-parameter family of entangled two-qubit states and
the inequality I] by means of a one-parameter family
of entangled two-qutrit states, respectively. The corre-
sponding states are described by
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with ¥ = 0 for qubits and y’ = 1 for qutrits in the range
of y €[0,1].
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FIG. 3. Experimentally measured Bell parameters SoeXp based
on a one-parameter family of entangled two-qutrit states, I is
the only known Bell inequality with maximal quantum viola-
tion achieved by a maximally entangled two-qutrit state.

Complementary to the experimental examination of
Bell inequality violations in different scenarios, we quan-
tified in [28] nonlocality based on the sets of experimen-
tally determined correlations. On one side by its dis-
tance to the local polytope and on the other side by the
minimal amount of classical communication required
to simulate the correlations, we call the corresponding
measure nonlocal capacity. Referring to the latter, we
went a step further and take up in [29] the question of
how we can find the optimal experimental setup for a
given quantum state, i.e. the setup that maximizes the
nonlocality of correlations with respect to communica-
tion complexity. Besides the evaluation of the nonlocal
capacity formulated as a convex optimization problem,
we point out in [29] that the use of the strength of Bell
inequality violations as measure of nonlocality comes
with some drawbacks like the infeasibility to determine
the whole set of Bell inequalities already for a few mea-
surements or the ambiguity stemming from the choice
of the normalization of the Bell coefficients. Employing
communication complexity for quantifying nonlocality
instead allows foremost the determination of the optimal
experimental setup for a given state in any bipartite Bell
scenario, i.e. for any number of measurements and/or
outputs. Moreover, the optimization problem may also
be used for solving an open question concerning Werner
states.

In conclusion, we present an experimental scheme for
studying nonlocal correlations of two-qudit states, treat-
ing different quantum information protocols. In addi-
tion, we elaborate suitable quantifiers for entanglement
and nonlocality, directly applied on experimentally de-
termined correlations. As an outlook, we aim to achieve
in ongoing work a better optical resolution, a higher
signal-to-noise ratio setup and an experimental arrange-
ment in which the idler and signal photon can be ma-
nipulated individually. The finite optical resolution at
the SLM plane leads to the aforementioned, unwanted



overlap between spectral components and therefore for-
bids us from having well-separated subsystems. This
overlap can be reduced by incorporating a prism based
pulse shaper in which the single lens imaging system is
replaced by a 4f-imaging arrangement, the latter pro-
viding a significantly better imaging resolution quality.
Further, since SFG in a single nonlinear crystal is a local
detection process with both photons taking the same op-
tical path through the experimental setup, another goal
in future is to have a detection scheme based on two de-
localized nonlinear crystals. The up-conversion process
between the idler and signal photon is then triggered
by a strong seed pulse in optical gating such that the
up-converted photons are finally detected in coincidence
electronically.
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