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Network Maximal Correlation

Soheil Feizi", Ali Makhdoumi, Ken Duffy, Manolis Kellis, and Muriel Médard, Fellow, IEEE

Abstract—We introduce Network Maximal Correlation (NMC) as a multivariate measure of nonlinear association among random
variables. NMC is defined via an optimization that infers transformations of variables by maximizing aggregate inner products
between transformed variables. For finite discrete and jointly Gaussian random variables, we characterize a solution of the NMC
optimization using basis expansion of functions over appropriate basis functions. For finite discrete variables, we propose an
algorithm based on alternating conditional expectation to determine NMC. Moreover we propose a distributed algorithm to compute
an approximation of NMC for large and dense graphs using graph partitioning. For finite discrete variables, we show that the
probability of discrepancy greater than any given level between NMC and NMC computed using empirical distributions decays
exponentially fast as the sample size grows. For jointly Gaussian variables, we show that under some conditions the NMC
optimization is an instance of the Max-Cut problem. We then illustrate an application of NMC in inference of graphical model for
bijective functions of jointly Gaussian variables. Finally, we show NMC’s utility in a data application of learning nonlinear

dependencies among genes in a cancer dataset.

Index Terms—Maximum correlation problem, alternating conditional expectation (ACE), Hermite-Chebyshev polynomials,

Gaussian graphical models, gene networks

1 INTRODUCTION

IDENTIFYING relationships among variables in large data-
sets is an increasingly important task in systems biology
[1], social sciences [2], finance [3], and other fields. For inde-
pendent observations of bivariate data, several measures
exist that characterize the strength of the association based
on a linear fit (e.g., Pearson’s correlation [4], canonical corre-
lation [5], [6]), rank statistics (e.g., Spearman’s correlation
[7]), and information content (e.g., mutual information [8],
[9]). Some of these measures have been extended to the
multivariate setting. For instance, Chow and Liu [10] have
used mutual information in the inference of tree graphical
models, while Liu et al. [11], [12] introduced a copula setup
based on rank statistics such as Spearman’s [7] correlation
coefficient to characterize graphical models for some nonlin-
ear functions of jointly Gaussian variables. Another method
to capture a nonlinear association between two variables is
the randomized dependence coefficient [13], where it fixes a
set of nonlinear functions and then uses randomized rank
statistics to compute association between nonlinear trans-
formations of variables.

A classical measure of nonlinear relationships between
two random elements X; and X5 is Maximal Correlation (MC),
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introduced by Hirschfeld [14], Gebelein [15], Sarmanov [16]
and Rényi [17], having also appeared in the work of Witsen-
hausen [18], Ahlswede and Gacs [19], and Lancaster [20]. MC
determines possibly nonlinear transformations of two varia-
bles, subject to zero mean and unit variance, to maximize
their Pearson’s correlation. MC not only computes an associ-
ation strength between variables, but it also characterizes a
possible functional relationship between them.

Definition 1 (Maximal Correlation). Let (), F, P) be a
probability triple and for k € {1,2} let (X4, B;) be a measur-
able space with Xy : Q — Xy a random element. Maximal
Correlation (MC) between the two (not necessarily real-valued)
random elements X, and X is defined as

p(X1, X5) £ sup B¢ (X1) ¢2(X2)], (40

such that ¢, : X}, — R is Borel measurable, E[¢,(X})] =0,
and Elg, (X)) = 1, for k=1,2.

MC can be computed efficiently for both discrete [21] and
continuous real-valued [20] random variables (Section 2.1).
For discrete random variables, under mild conditions, MC
is equal to the second largest singular value of an scaled
joint probability distribution matrix and the optimal trans-
formations of the variables can be characterized using right
and left singular vectors of the scaled probability distribu-
tion matrix. Alternating Conditional Expectation (ACE) was
introduced by Breiman and Friedman [21] to compute MC,
and was further analyzed by Buja [22]. Recently, MC has
been used in many applications. It is related to strong data
processing inequalities and contraction coefficients, being
recently investigated by Anantharam et al. [23], Polyanskiy
[24], and Raginsky [25]. Further studies include applications
in information theory [26], [27], information-theoretic secu-
rity and privacy [28], [29], [30], [31], [32], data processing
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[23], [25] and other fields [33], [34], [35], [36], [37]. In parti-
cular, Beigi and Gohari [33] introduced multipartite maxi-
mal correlation and showed its connection with the
multipartite hypercontractivity ribbon. Multipartite maxi-
mal correlation aims to find a correlation matrix C' with the
largest r such that C' —rI is positive semidefinite, where
is the identity matrix. This objective function is different to
the one of the network maximal correlation discussed in the
present paper.

Many modern datasets consist of independent observa-
tions of high-dimensional multivariate random elements
Xi,...,X, (e, n> 2). One approach to characterize rela-
tionships among these elements is to determine the bivar-
iate MC for each pair of them. In this approach one
would solve the following optimization for all pairs (i,7'),
1< <me

¢_Su£ _ E[¢4(Xi) ¢y 4(Xi)], (2

such that ¢, s : X; — R is Borel measurable, E[¢; »(X;)] = 0,
and E[¢, #(X;)*] = 1, for 1 < i, < n.

Should they exist, let ¢;, for 1 <4,i <n denote the
resulting optimizers. By this approach, each element X; is
assigned to n — 1 transformation functions {¢;, : 1 <’ < n,
i #i}. In some applications, there may be interpretability
and over-fitting issues. To circumvent these issues, we con-
sider an alternate multivariate extension of the MC optimi-
zation (1) with two types of constraints. We seek to
formulate an optimization that (i) assigns a single transfor-
mation function to each element; and (ii) its objective func-
tion can be restricted to a subset of variable pairs. The latter
conditioning is described by a graph and is motivated by
several distinct considerations: (a) there may be a priori
known structure that indicates some elements are necessar-
ily unrelated; (b) one may not care about the association of
certain elements; or (c) the restriction may serve as a compu-
tation reduction technique.

Definition 2 (Network Maximal Correlation). Let G =
(V,E) be a graph with vertices V = {1,2,...,n} and edges
E C{(i,7) 4,7 € V,i #i'}. The Network Maximal Correla-
tion (NMC) of Xy, ..., X, given G is defined to be

pa(X1,..., X)) &

sup S E[pi(X) ¢u (X)), @)

DLy n (i,i/)EE

such that ¢; : X; — R is Borel measurable, E[¢;(X;)] = 0, and
El¢;(X,)’] =1, forall 1 <i < n.

When no confusion arises, we use p; to refer to the NMC.
The NMC optimization maximizes the aggregate inner
products between transformed variables. NMC naturally
generalizes the bivariate MC to the multivariate setting. For
example, the bivariate MC is equivalent to the NMC when
the graph G = (V, E) has two nodes connected by an edge.
That is, V = {1,2} and E = {(1,2)}. As another example, if
V' ={1,2,3} and E = {(1,2),(1,3)}, the objective function
of the NMC optimization (3) aims to find transformation
functions {¢,(X, j)}le which maximize

E[p)(X1) ¢2(X2) + ¢1(X1) ¢3(X3)]-

Note that in this example the transformation function
¢,(X1) appears in two terms in the objective function, lead-
ing to additional coupling constraints in the optimization
(3), when compared to multiple bivariate MC optimizations
(2). We investigate this optimization for a general graph
G = (V, E). In applications, we highlight appropriate selec-
tions of G in the NMC optimization.
Since E[¢;(X;)?] = 1 forany 1 < i < n, we have

po =Bl it 5 3" EI@66) - (X)) @

(ii")eE

which means that the NMC optimization (3) is equivalent to
finding functions of random variables that minimize the
Mean Squared Error (MSE) among all neighboring random
variables. The form (4) can be useful in different applica-
tions such as fitting a nonlinear regression model (e.g.,

¢i(Xi) = Zi’:{l n\{i} b (Xi) + 2).

The techniques described here to characterize local and
global optima of the aforementioned NMC optimization
can be used in other related formulations as well. For exam-
ple, we also introduce absolute NMC, which maximizes
the total absolute pairwise correlations among variables
(Section 8.1). Absolute NMC is appropriate for applications
where the strength of an association does not depend on the
sign of the correlation coefficient. Moreover, the NMC opti-
mization can be regularized to consider fewer nonlinear
transformations or to restrict the set of possible transforma-
tions, further avoiding over-fitting issues (Section 8.1).

In Section 2, for finite discrete random variables, we char-
acterize the solution of the NMC optimization using a natu-
ral basis expansion. For finite discrete random variables, we
show that the NMC optimization is an instance of the Maxi-
mum Correlation Problem (MCP), which is NP-hard [38],
[39], [40], [41].

In Section 3, using the results from the Multivariate
Eigenvector Problem (MEP) [38], we characterize necessary
conditions that are satisfied at the global optimum of the
NMC optimization. We propose an efficient algorithm
based on Alternating Conditional Expectation (ACE) [21]
that converges to a local optimum of the NMC optimization.
We also provide guidelines for choosing appropriate start-
ing points of the ACE algorithm to avoid local maximizers.
The proposed algorithm does not require the formation of
joint distribution matrices which could be expensive for var-
iables with large number of categories. We develop a dis-
tributed version of the ACE algorithm to compute an
approximation of the NMC value for large dense graphs
using graph partitioning. We characterize a bound on the
expected performance of the proposed algorithm for poly-
growth graphs which are often used in analyzing distrib-
uted graph algorithms (see e.g., [42], [43], [44]).

In Section 4, we prove a finite sample bound and error
guarantees for NMC. Under some conditions we prove that
NMC of finite discrete random variables is continuous
with respect to their joint probability distributions. That is,
a small perturbation in the joint distribution results in a
small change in the NMC value. Moreover, we show that
the probability of discrepancy greater than any given level

1. We use the terminology graph and network interchangeably.
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between NMC and NMC computed using empirical distri-
butions decays exponentially fast as the sample size grows.

In Section 5, for jointly Gaussian variables, we use Her-
mite-Chebyshev polynomials as the basis for the functions
of Gaussian random variables and characterize the solution
of the NMC optimization. Under some conditions, we show
that the NMC optimization is equivalent to the Max-Cut
problem, which is NP-complete [45]. However, there exist
algorithms to approximate its solution using Semidefinte
Programming (SDP) within certain approximation factors
[46]. Moreover, we provide sufficient conditions under
which a solution of the NMC optimization can be character-
ized exactly.

In Section 6, we illustrate some applications of NMC. In
Section 6.1, we show an application of NMC in inference of
graphical model (Definition 8) for bijective functions of
jointly Gaussian variables. Graphical models provide a use-
ful framework for characterizing dependencies among
variables and for efficient computation of marginals and
modes of multivariate distributions [47]. Moreover, Gauss-
ian graphical models play an important role in applications
such as linear regression [48], partial correlation [49], maxi-
mum likelihood estimation [50], etc. Here we consider a
setup in which observed variables are related to latent
jointly Gaussian variables through link functions. These
link functions are unknown, bijective, and can be linear or
nonlinear. We show that, under some conditions, the
inverse covariance matrix of the transformed variables com-
puted by the NMC optimization (as well as multiple MC
optimizations) characterizes the wunderlying graphical
model. With an example we show that when underlying
link functions are monotone the performance of our infer-
ence method is comparable to the one of the copula model
developed by Liu et al. [11], [12]. Moreover, we illustrate
that if we violate the model assumption for both our infer-
ence framework and for the copula method by considering
non-monotone link functions, our inference method appears
to outperform the copula one, highlighting the robustness of
our proposed inference framework.

In Section 6.2, we provide an example to demonstrate
NMC’s utility in a data application where we apply sample
NMC to cancer datasets [51] and infer nonlinear gene asso-
ciation networks. Over these inferred networks, we deduce
gene modules that are significantly associated with survival
times of individuals while these modules are not detected
using linear association measures.

2 NETWORK MAXIMAL CORRELATION

2.1 Review of Maximal Correlation

Recall the definition of maximal correlation (Definition 1).
For k = i,7, we let ¢ (X)) denote a solution of optimization
(1) should it exist. The existence and uniqueness of a solu-
tion (¢; (X;), ¢, (Xy)) to the MC optimization (1) have been
investigated in [21]. Maximal correlation p(X;, Xy) is
always between 0 and 1, where a high MC value indicates a
strong association between two variables [15].

Unlike Pearson’s linear correlation [4], MC only depends
on the joint distribution of the variables and not on their
sample spaces X;. Several works have investigated different
aspects of optimization (1) for both discrete [21] and
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continuous [20] random variables. For discrete variables,
under mild conditions, MC is equal to the second largest
singular value of the following Q-matrix [21]:

Definition 3. Let Px, x, be the joint distribution of discrete
variables X; and Xy with finite alphabet sizes |X;| and |Xy|,
respectively. Define a matrix Q;y € R¥*¥l whose (3,5')
element is

Py, x,(4,7)

s AL (%)
Py, (j)Px, (7)

Qi J) &

The matrix is called the Q-matrix of the distribution Px, x, .

In this case, optimal transformations of variables can be
characterized using right and left singular vectors of the
normalized probability distribution matrix.

For Gaussian variables, Lancaster [20] introduced a basis
expansion with Hermite-Chebyshev polynomials to com-
pute MC. Interestingly in this case the maximal correlation
and Pearson’s linear correlation is equivalent.

2.2 NMC Formulation
Recall the definition of the Network Maximal Correlation
(Definition 2). NMC infers nonlinear transformation func-
tions assigned to each node variable so that the aggre-
gate pairwise correlations over the graph G = (V,E) is
maximized.

Let ¢;(-) be a solution of the NMC optimization (3)
should it exist. Then, an edge maximal correlation of varia-
bles i and i’ is defined as

pe" (X, Xa) £ [E[g1(XG) 65 (X)),

where (i,7') € E. Unlike the bivariate MC formulation of (1),
the edge maximal correlation is a function of the joint distri-
bution of all variables. Thus, an edge maximal correlation of
variables X; and X is always smaller than or equal to their
bivariate maximal correlation, i.e.,

lo(éj )(X17 ceey Xn) < p(XZa Xi/)'

We next provide a framework to study NMC and its proper-
ties. Following the definition provided in [18, Section 3], for
i=1,2,...,n, we define a set of real-valued measurable
functions Hy, as

Hy, ={¢;|¢; : Xi — R, ¢; is Borel measurable,

, ©)
E[¢; 0 Xi] < o0, E[(¢; 0 X;)"] < oo},

where the inner product of two elements of Hy; is defined as

E[¢;(X;) ¢:(X;)], and the norm is defined as \/E[(¢; o X:)?.
Note that ¢,;(X;) is a random variable in R such that for
any Borel-measurable set B, we have P[¢;(X;) € B] =
P[X; € ¢;'(B)]. We use the notation ¢; o X; and ¢;(X;)
interchangeably.

We let {y; ;} ), represent an orthonormal basis for Hy,.
We will explicitly construct such basis in the case of discrete
random variables and Gaussian random variables, studied
in this paper.
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Theorem 1. Consider the following optimization:

..,
§ :0‘1]0’2 i,

sup
Haighil 35 @iher 7
o o
Y =11<i<n, )
=
Z E[y; ;(Xi)] =0,1<i<n,
j=1
where
P 2 By (X0) iy (X)), )

Let ¢;(-) and {a;;};2, for 1 < i < n be solutions of optimiza-
tions (3) and (7), respectively. Then,

i) — Za i 1/[1,] (9)
=1

is a solution of the NMC optimization (3). Moreover, p] A for
4,7 > 1 are coefficients of the basis expansion of Pk, Xy wzth
respect to the basis {V; s ; }] pary

Zp

Proof. A proof is presented in Section 7.1. ]

PX X 1‘271"

Vi ().

Equation (9) means convergence in the L, sense, i.e.,
limy, oo (|6 (Xi) — 377, @i ; ¥, ;(Xi)|] = 0. Throughout  the
paper since we only work with the inner product of func-
tions, without loss of generality, we replace ¢;(X;) by
Y1 a;; ¥y ;(Xi). Also note that for the case of finite discrete
random variables, the convergence is in fact pointwise. For
further details, see [20], [52].

Selecting appropriate set of functions Hy, is critical to
have a tractable optimization problem (7). In the following,
we consider the NMC optimization for finite discrete varia-
bles, while the Gaussian case is discussed in Section 5.

3 NMC FoR FINITE DISCRETE VARIABLES

In this section, we analyze the NMC optimization (3) for
finite discrete random variables, and then introduce an effi-
cient algorithm to compute NMC. We then propose a paral-
lelizable version of the NMC algorithm based on network
partitioning and characterize a bound for its expected
performance.

First we introduce some notation. For any vector
v=(vi,...,vs) €R? and p > 1, we let |v||, represent the
standard p-norm of the vector v defined as

a. \?
i=1

For p = 2, we drop the subscript, i.e., ||v|| = ||v||,. The infi-
nite norm of a vector is defined as
[1V]loo = max v;.

The inner product between two vectors v and w is
defined as

<V, W>= g ViW; .
i=1

For a matrix V € R% x R%, the matrix norm is a vector

norm on R1*% e,

[Vwll,

V], = sup .
" wao (W,

For p = 2, we drop the subscript.
3.1 Relationship between NMC and Maximum
Correlation Problem

Let X; be a discrete random variable with alphabet
{1,...,|X;|}. Let

v, i(x) = !

VPx.(5)’

be an orthonormal basis for Hy,, where 1 is the indicator
function. We assume that all the elements of the alphabet
x; € X; have positive probabilities, as otherwise they can be
neglected without loss of generality. We can write

1{z = j} (10)

Px, x, (4, 7)

o1 =Bl i ——
Px,(5) Px,(7')

Xi) 1//1'/,]" (Xin)] =

Therefore, the optimization (7) is simplified to the
following;:

mo Y Sag, ld)
{{Ui.‘j};gl}]zl (i,i\eE j.j PX ( ) PXL‘/ (]/)
| ]
(aL,J)2 =1,1<i<n, (11)
j=1
| X
;g PXZ(j):O7]-<Z<n
j=1
Fori=1,...,n,let
T
a; & (az:l, Aj 25 ai,|X,;\)
(12)

N (\/Pxi(l), \/Px,(2),--~7\/Pxi(\%\))T-

Therefore, the optimization (11) can be re-written as follows:

T
E a; Q; yay

(ii")eE
||aiH2 = 171 S Z S n,
a; L p;;1<i<n,

where @, is defined in Definition 3 and L represents
orthogonality between two vectors.

The optimization (13) is not convex nor concave in gen-
eral. Below, we show that this optimization is an instance of
the Maximum Correlation Problem proposed by Hotelling
[39], [40]. By making this connection, we use established
techniques via the Multivariate Eigenvalue Problem (MEP)
to solve optimization (13).

max
{aiti;
(13)
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For each i, since Iy, — \/P; \/}TiT is positive semidefinite,
we take its square root” and write
Bi £\ ix) = VPP 14
where I‘X| is a |X;| x |A;| identity matrix. Let b; = B;a;.
Let U;3,U! be the singular value decomposmon of B; where
U; ) ig the jth column of U; and o ) is the jth singular value
of B;. We will show that only one singular value of B; is
zero which corresponds to the smgular vector \/p;. Without
loss of generality, suppose o, Y =0, for all i. Define A,
a |X;| x |X;| matrix, as follows:

(1) I
LU }dwmg( Ok G(m))
... o] T) ,

As we show in the proof of Theorem 2, a ;é 0, for all
1 <i<n,and j > 2, A; is well-defined accordmg to (15).

(15)

Theorem 2. The NMC optimization (13) can be re-written as
follows:

max Z b?‘AtT(Q77I — \/p—i\/Pi’T)Ai,bi/
buobn (G (16)
st ||bill, =1 1<i<n.
Proof. A proof is presented in Section 7.2. O

Let C be a matrix consisting of submatrices C;; €
RI¥iXI% | where if (i,4') € F,

Civ & A? (Qm/ VPV Pi'T)A an
otherwise C; ; is an all zero matrix of size |X;| x |Xy|. Note

that since the graph G = (V, E) does not have self-loops, C;;
is a zero matrix for 1 < i < n.
Let b 2 (b!,... b))’ € RI¥, where |X| = 37,

b, X;| and
b; € RIil, | |

Corollary 1. The NMC optimization (16) can be written as
follows:

max b’Cb

b (18)

Ibill, =1, 1<i<n.

The optimization (18) is in the standard form of the
MCP problem, proposed by Hotelling [39], [40], to find the
linear combination of one set of variables that correlates
maximally with the linear combination of another set of
variables.

Definition 4 (Multivariate Eigenvalue Problem [38]).
The first-order optimality condition for optimization (18) is
the existence of real-valued scalars, namely, Lagrange multi-
pliers My, ..., \,, such that the following system of equations
is satisfied:

2. The square root of a symmetric posmve semidefinite matrix A is
defined as VA = US"?UT where A = USU”.
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ZC’WbZ-/ = )\zbu 1 <i:<n
= (19)

[Ibill, =1,1 <i<n.

This system of equations is called Multivariate Eigenvalue
Problem ([38], [41]).

3.2 An ACE Approach to Compute NMC

In Section 3.1, we established a connection among the NMC
optimization (3), the Maximum Correlation Problem and
the Multivariate Eigenvalue Problem (see e.g., [38], [39],
[40], [41]). After showing that the NMC optimization can be
reformulated as the MCP, we use existing techniques from
the literature to solve it. Several local maximizers exist for
cases where finding a global optimum of optimization (18)
is computationally difficult [38], [53]. For example, an
aggregated power method that iterates on blocks of C' was
proposed by Horst [54] as a general technique for solving
the MEP (Definition 4) numerically.

Below, we summarize general algorithmic ideas to solve
MCP:

(1) First, an efficient algorithm is used to solve MEP
which is the necessary first order condition for MCP.
This step is studied in references [38], [54].

(2) Next, a strategy is used to choose starting points of
the algorithm or to jump out of the local minima of
optimization (18). We adopt this step from [41], [55].

An Efficient Algorithm to Solve MEP. Algorithm 1 pro-
posed by [38] is a Gauss-Seidel algorithm [56] to solve MEP,
which is a variant of the classical power iteration method
(see e.g., [57]).

Algorithm 1. Gauss-Seidel Algorithm for MEP
Input: C € RI¥ x R,

Initialization: b” € RIYI.
fork:(),l,...
fori=1,.. n
bfk) = / 1 C7 7’b () + Zz/ i+1 “Ibz(’k)'
bl — f’(k)
! Hb Ny
end
end
Let
iil=1
Ai(b) =b[[Cin,...,Cinb=> b Ciyby  (21)

i'=1

Al%orithm 1 is an iterative algorithm. Let b = (bgk), e
(1) be the update of Algorithm 1 at iteration k.

Theorem 3 (Theorem 5.1 [41]). The sequence {r(b®)}
generated by Algorithm 1 is monotonically increasing and
convergent.

Theorem 3 indicates that the Algorithm 1 finds a local opti-
mum of the optimization (18). According to Proposition 1,
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this solution provides a local optimum for the NMC optimi-
zation (3). In the following we introduce a strategy that uses a
local optimum of the optimization (18) and constructs
another solution for the optimization (18) with strictly higher
objective function value.

A Strategy for Avoiding Local Optima of MCP.

Proposition 1. Let b be a solution of the MEP (19). Suppose
that there exists an 1 <i <n such that \;(b) < 0. Let
b= (by,... ,L) be defined as: b, = —b;, for any i such
that \; (b) < 0, and by = by, otherwise. Then, we have
r(b) > r(b).

Proof. A proof is presented in Section 7.3. 0

Algorithm 1 finds a local optimum b for the optimization
(18). This solution can be translated to a solution of the NMC
optimization (3) according to Theorem 1, Equations (10), (14),
and using b; = B;a;. This leads to a direct algorithm to find a
solution for the NMC optimization (3) based on alternating
conditional expectation (Algorithm 2). Similarly to Algo-
rithms 1 and 2 converges to the local optimum of the NMC
optimization (3). We use a strategy similarly to the one of
Proposition 1 to avoid remaining at local maximizers. At
each iteration of the algorithm, we update transformation
functions as follows Suppose at iteration k, transformation
functions are {qb } . If we fix all variables except the trans-
formation function of node 4, an optimizer of ¢, 1) can be
written as the normalized conditional expectation of func-
tions of its neighbors. In each update, the objective function
of the NMC optimization increases or remains the same.
Note that, for the bivariate case (i.e., n = 2), Algorithm 2 is

sim})hﬁed to the ACE algorithm [21] for the MC computation.
If the number of nodes 7 is large, then computation of

NMC may be expensive. In the following, we propose an
approach to compute NMC using parallel computation.

Algorithm 2. Network ACE to Compute NMC

Input: G, X,,..., X,
Initialization: dJ(IO) (X1),...,¢"(X,) with mean zero and unit
variance.
fork=0,1,...
fori=1,...,n
¢:9(X0) = B[54 ¢ (X))
HE[S i 00 (X0)|Xi), for i’ € N (i),
& (X))

date: ¢!V =
up ¢ ( ) = [q?,;("”>(Xi)2]

end

p(C]jJrl) _ Z( #)eE E[¢(k+1) (Xl)d)f/lwrl) (X,/)}
end

3.3 Parallel Computation of NMC

For large and dense networks, exact computation of NMC
may become computationally expensive. For those cases,
we propose a parallelizable algorithm which approximates
NMC using network partitioning. The idea can be described
as follow. For a given graph G = (V, E),

(1)  Partition the graph into small disjoint sets.

(2)  Estimate NMC for each partition independently.

(3) Combine NMC solutions over sub-graphs to form an
approximation of NMC for the original graph.

A k-partition 7(k, V, E) of graph G = (V, E) is defined as a
set{Vl,.. ,Var} such that, forany 1 <i #£j< M, V;NV; =10,
UMY, =V,and 1 < |Vj| < k. We say an edge ¢ € E belongs
ton(k,V,E)ifee UM,V x V.

Definition 5. A k-partitioning of graph G = (V,E) is a set
II(k,V,E) = {m1(k,V,E), w2 (k, V, E), ...} where each 7t;(k,V, E)
is a k-partition of the graph.

Next we define an (¢, k)-partitioning of graph G = (V; E).

Definition 6 ([58], Section A). An (e, k)-partitioning of graph
G = (V, E) is a distribution over all k-partitioning of the graph
such that, forany e € E,E[1{e ¢ n;(k,V,E)}] <€

Definition 7. A graph G is poly-growth if there exists r > 0
and C' > 0, such that for any vertex v in the graph,

IN.(d)| < Cd',

where N, (d) is the number of nodes within distance d of vin G
(distance is defined as the shortest path length on the graph).

Reference [58] describes the following procedure for gen-
erating an (e, k)—partitioning on a graph:

1. Given G = (V, E), k, and € > 0, we define the trun-
cated geometric distribution as follows:

I < k,
-, (22)
2. We then order nodes arbitrarily 1, ..., N. For node i,
we sample R; according to distribution (22) and
assign all nodes within that distance from node i to
color 4. If a node is already colored, we re-color it
with color <.
3. All nodes with the same color form a k-partition of
the graph.

Proposition 2 ([58], Lemma 2). If G is a poly-growth
graph, then by selecting k = @(tlog ), the above proce-
dure results in an (¢, Ck")-partitioning.

Next, we use an (e, k)-graph partitioning to approximate
NMC over large graphs using parallel computations.
Consider the following approach:

(1)  We sample a partition {V;,...,
(€, k)- partitioning of G.

(2) For each partition 1 <m < M, we compute NMC
restricted to G, = (Vin, EN (Vi x Vi), denoted
by ,AOGm .

(3) Letpg =M, be, bean approximation of pg.

In the following, we bound the approximation error by
bounding boundary effects:

Vit of V, given an

Theorem 4. Consider an (e, k)-partitioning of the graph G. We
have,

E[pg] > (1 —€)pg, (23)

where the expectation is over (e, k)-partitioning of graph G.

Proof. A proof is presented in Section 7.4. O
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4 PROPERTIES OF NETWORK MAXIMAL
CORRELATION FOR FINITE DISCRETE RANDOM
VARIABLES

In many applications, often only noisy measurements or
samples of joint distributions are observed. In this section,
we prove a finite sample generalization bound, and error
guarantees for Network Maximal Correlation of finite dis-
crete random variables. Specifically, under general condi-
tions, we prove that Network Maximal Correlation is a
continuous measure with respect to the joint probability dis-
tribution. That is, a small perturbation in the distribution
results in a small change in the NMC value. Moreover we
prove that the probability of discrepancy between NMC and
sample NMC (NMC computed using empirical distribu-
tions) greater than any given level decays exponentially fast
as the sample size m grows.

Throughout this section we only consider finite discrete
random variables. Moreover to simplify notation we let P
be the matrix representation of probability distribution
Px, ... x,- We assume that all the elements of the alphabet
x; € X; have positive probabilities, as otherwise they can be
neglected without loss of generality, and define

8x,(P) £ arg IIll/I‘;l Px;(x;) > 0, (24)

T €A

1 <1< n.

The empirical distribution of these variables using m

observed samples is defined as P (zy,...,z,) =137 1
{ZL'ES> =x1,...,2%) = z,}, where {(acg‘g)7 CLa Y areidd.
samples drawn accordlng to the distribution PX1 .... x,- The

vector <o)f o(b)served(sz):lmples of variable X; is denoted by
1 2 m

x; = (z; 2,7, ).

4.1 Continuity of Network Maximal Correlation

Let P and P be two distributions over alphabets (Xy,...,
X,). Let K = max<j<,|X;|. Thus, K £ K" is an upper bound
on the alphabet size of the joint distribution. In the following,
we show that if the infinity norm distance between P and
P is small G.e., [|P— ]5|\OO = MaXy ex,, ek, P21, .-,
) — ]5(1“1, ..., xp)| < ), their corresponding NMC values
(denoted by p; and pg respectively) are close to each other.

Theorem 5. Network Maximal Correlation is a continuous func-
tion of the joint probability distribution P. Let ||P — P|| <,
for y < 832K, Then, we have

- 8
oG = bl < YKIE| 5, (25)
where § = Inilllgign (min{(in (P), (SXi (f))}) .
Proof. A proof is presented in Section 7.5. ]

Corollary 2. Let p and p be bivariate MCs with respect to distri-
butions P and P, respectively. Let ||P — P||,, < y. For any
y < 82K, we have

- 8
lo—pl < ¥k, (26)
where IC and § are defined according to Theorem 5.

4.2 Sample NMC

Let {(z{”,... a{))}0,
to a dlstrlbutlon Px,,

be ii.d. samples drawn according
x,- Let P denote the empirical
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distribution obtained from these samples. Network Maxi-
mal Correlation computed using this empirical probability
distribution is called Sample Network Maximal Correlation
and is denoted by p '”)({( () . 2®)}™)). For simplicity,
when no confusion arises, we refer to the sample NMC
by ,0 . In the following, we show that the probab111ty of
dlscrepancy greater than any given value between p<G and
pq decays exponentially fast as the sample size m grows.

Theorem 6. For any n,e > 0, if

B2EIK\?  (8n
w2 (M), e
then we have
Blo¢” — pal > d <. (28)
where §' = minj<;<,8x, (P).
Proof. A proof is presented in Section 7.6. 0

Note that the number of required samples to learn the
joint probability distribution reliably is a function of the
alphabet size. This is reflected in the right hand side of the
bound provided in Theorem 6 through the term /.

Corollary 3. Let p and p™ be bivariate MC and sample MC,

respectively. For
32K 16
m > 2( 8’2> log (7)

Pllp™ — p| > € <,

(29)

we have
(30)

where K and &' are defined according to Theorem 6.

5 NMC FOR JOINTLY GAUSSIAN VARIABLES

Suppose that (X,...,X,) are jointly Gaussian variables
with zero means and unit variances. Let p; » be the correla-
tion coefficient of variables X; and X;. We assume that
|p; | # 1if i # 4. Let G, = (V,, E,) be the covariance graph
corresponding to these variables where V. = {1,2,...,n},
and (i,4') € E. iff p, » # 0. Moreover for continuous varia-
bles {¢;(.)};_; in optimization (3) are assumed to be continu-
ous and [, (equivalent to L, for discrete random variables).

The Fkth Hermite-Chebyshev polynomial [20] is
defined as

5 dF

Vy(z) 2 (—1)Fe” meﬂfz. 31)

These polynomials form an orthonormal basis with respect
to Gaussian distributions [20]. That is,

/ V()W

where p(z;, z) is the joint density function of Gaussian vari-
ables X; and X; with correlation p; ;. Let ¥, ; to be the jth
Hermite-Chebyshev polynomial, for 1 <i < n We have

xz )p(x,,x /)d.’liqdiEZ/ - (pLZ ) 1{] = jl}? (32)

[l/fz'.,j(Xz‘) Wi'.j'(Xﬂ)} = (p'iﬁi’)jl{j = jl}~ (33)

-
g7
Pig =
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Moreover, using the definition of Hermite-Chebyshev
polynomials (31), we have

E[y; ;(Xi)] = 1{j = 0},

because all of these functions for j > 1 have zero means
when integrated against a Gaussian distribution. Therefore,
using (33) and (34), the optimization (7) can be written as

1<i<n. (34)

o0

J
max E aijay j (piir)
HaighiediZ er 3

(35)

o0

Z(au)2 = 1, 1 S 7 S n.

J=1

We establish that solving the optimization (35) is NP-com-
plete by identifying one instance of this problem that
reduces to the max-cut problem, which is NP-complete [45].

Theorem 7. Let s; € {—1,1} for 1 < i < n. Suppose

Z(l — sisi’)pi,i’ > O, V1 <:i:< n,
i
and

Zsisi’pi,i’ 2 Z(Pi,i/)Q, Vl<i<mn,

il #i i

then, al = (0,s;,0,...,0), for 1 < i < nisa global maximizer
of the NMC optimization (35) over a complete graph without
self-loops.

Proof. A proof is presented in Section 7.7. ]

Proposition 3. Under assumptions of Theorem 7, the NMC
optimization (3) is simplified to the following max-cut
optimization:

m;:_mx Z SiSi! Pj it
R (36)
sie{-1,1}, 1<i<n.

Moreover, for all 1 < i <n, we have ¢;(X;) = s} X;, where
¢F and s are solutions of optimizations (2) and (36),
respectively.

Proof. A proof is presented in Section 7.8. ]

For bivariate jointly Gaussian variables, the conditions of
Proposition 3 are always satisfied. For multivariate jointly
Gaussian variables however an optimal NMC solution
¢ (X;) can be different than +X;. Proposition 3 provides
conditions under which ¢;(X;) = £X; for the multivariate
setup.

In general, the Max-Cut optimization (36) is NP-complete
[45]. However, there exist algorithms to approximate its
solution using semidefinte programming (SDP) [46].

Assumption 1. Let (X1, ..., X,,) be jointly Gaussian variables,
with zero means and unit variances such that p; ; # 1ifi # 7,

and
sz,i' > Z(Pi,i’)Qa Vl<i<mn,
i'#i i'#i

(37)

where p; y is the correlation coefficient of X; and X,

If all correlation coefficients are non-negative (.e.,
piy >0 for 1 <i,7 <n), Assumption 1 is immediately sat-
isfied. However, Assumption 1 is more general as some
correlation coefficients can be negative and the condition
will still hold.

Corollary 4. Under Assumption 1, ¢;(X;) = X, is a solution of
the NMC optimization (35).

6 ILLUSTRATION OF NMC’s USE

In this section, we illustrate some applications of NMC.
6.1 Inference of Graphical Models for Functions of
Gaussian Variables

Suppose that (Xi,...,X,) are jointly Gaussian variables
with the covariance matrix Ax. Without loss of generality,
we assume all variables have zero means and unit varian-
ces.Le, E[X;] =0and E[X?] =1, forall1 <i < n.

Definition 8. The graphical model Gx = (Vx, Ex) is defined
such that if (i,1') ¢ Ex, then

X, WL X [{Xp, k # 0,4}, (38)

where L represents independence between variables.

Let Jx be the information (precision) matrix [47] of these
variables where Jy = A}l.

Theorem 8 ( [47], Example 3.3). For jointly Gaussian varia-
bles, (i,1') € Ex if and only if Jx(i,i") # 0.

This Theorem has been stated in other references as well
(e.g., [59]). Theorem 8 represents a way to model explicitly
the joint distribution of Gaussian variables using a graphical
model Gx = (Vx, Ex). This result is critical in several appli-
cations involved with Gaussian variables which requires
computation of marginal distributions, or computation of
the mode of the distribution. These computations can be
performed efficiently over the graphical model using belief
propagation approaches [47]. Moreover, Gaussian graphical
models play an important role in many applications such as
linear regression [48], partial correlation [49], maximum
likelihood estimation [50], etc. In many applications, even if
variables are not jointly Gaussian, a Gaussian approxima-
tion is used often, partially owing to the efficient inference
of their graphical models.

In the following, under some conditions, we use the mul-
tiple MC (2) and NMC (3) optimizations to characterize
graphical models for functions of latent jointly Gaussian
variables. These functions are unknown, bijective, and can
be linear or nonlinear. More precisely, let Y; = f;(X;), where
fi : R — R is a bijective function. Our goal is to characterize
a graphical model for the variables (Y7,Y5,...,Y,) without
knowledge of the functions f;(-).

Consider the following optimizations:

sup  Elg v (Vi) gv:(Yo)],

Yiil9il i

such that g; s : J; — R is Borel measurable, E[g; »(Y;)] =0,
and E[g, »(Y;)?] = 1, for 1 < i, < n, and
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Fig. 1. Relationships between jointly Gaussian variables X; and obser-
vations Y; for Example 1 (panel a), and for Example 2 (panel b).

AR (Z;)E[gz(yl) g7 (Y],
Elg:(Y;)] =0, 1<i<n, (40)
Elg/ (V)] =1, 1<i<n,

such that g; : J; — R is Borel measurable, E[g;(Y;)] = 0, and
E[gi(Yi)Q] =1, for 1 <14 < n. Optimization (39) solves multi-
ple MC between all pairs of variables while optimization
(40) solves NMC considering a fully connected graph.
Suppose g;, and g; represent solutions of (39) and (40),
respectivelif.

Theorem 9. g;i,(Y,-,) =+X, forall 1 <i,7' < nisa solution of
(39). Moreover, if Assumption 1 holds, g;(Y;) = X; for all
1 <@ < nis a solution of (40).

Proof. A proof is presented in Section 7.9. ]

In the multiple MC optimization (39), each variable Y; is
assigned to n —1 transformation functions {g;,(¥;):1 <
i’ #1i < n}. However, when variables Xi,..,X, are jointly
Gaussian, all these functions are equal to +X;. In general this
is not true for non-Gaussian distributions. On the other
hand, when the Assumption 1 holds, a solution of the NMC
optimization (40) recovers the sign of latent variables as well.

We define the matrices A ypuinvie and Aypie by

Annarinee (4,3) = Elg; (Vi) gy ;(Yir)]
Annie(i,7) = Elg; (Vi) gy (Yy)]-

Moreover, we let Jypuinvie = Aypyine and Jnae = Ao
We define Gyue = (Vvae, Enae) such that (i, 5) € Exuc
if and only if Jypc (i, j) # 0. We also let Gyac be the set of
all possible G'nyic since the solution of the optimization (40)
may not be unique. Similarly, we define Gpuinc and
Gtuttinic-

Corollary 5. Let Gy be a graphical model of wvariables
Y; = fi(X,) according to Definition 8, where f; :R — R is a
bijective function, for 1 < i <n. Then Gy € Gypuinic. More-
over, if X; 1<1i<wn satisfy Assumption 1, then we have
Gy € Gnue-

Corollary 9 characterizes the graphical model of varia-
bles {Y;} that are related to latent jointly Gaussian variables
{X;} through the unknown bijective functions {f;}. The
family of distributions considered in this corollary is broad
and includes many Gaussian distributions as well as distri-
butions whose variables are bijective functions of Gaussian
variables. Graphical models characterized in Corollary 9
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Fig. 2. The underlying graphical model considered in Examples 1 and 2
in Section 6.1.

can be used in computation of marginal distributions, com-
putation of the mode of the joint distribution, and in other
applications of estimation and prediction similarly to the
case of Gaussian graphical models.

Next we provide two examples to highlight similarities
and differences between our proposed inference framework
(Theorem 5) and the one in reference [12]. Liu et al. [12]
considers the graphical model inference problem for func-
tions of jointly Gaussian variables when the underlying link
functions are monotone. In [12] to characterize the graphical
model of variables Y; according to Definition 8 (or equiva-
lently the covariance matrix of jointly Gaussian variables
X;), rank statistics between variables and connections
between Spearman’s and Pearson’s correlation coefficients
are employed.

Consider four zero mean jointly Gaussian variables

X1,..., X, with the covariance matrix
1.0 04 0.2 0.3
04 1.0 0.3 0.2
Ax=102 03 10 04 (1)
03 02 04 1.0

In this case we have Jx(1,3) =0 and Jx(2,4) ~ 0 (the
underlying graphical model is illustrated in Fig. 2). We
observe samples from Y; = f;(X;). In Example 1, we have

10X, if X; >0,

1 .
15X1, otherwise,

Vi = fu(Xy) = X3

Yi=fi(Xh) = { Y = fo(Xp) = 2%,

Y3 = f3(X3) = — X3,
(42)

In this example all link functions are continuous and mono-
tone satisfying the model assumption of our proposed infer-
ence framework (Corollary 5) and the copula method [12].
In Example 2, we violate the model assumption for both our
inference framework and for the copula method by consid-
ering non-monotone link functions

20X i X >0
Y = X)) = ’ )
R { —e %1, otherwise,
Yy = fo(Xy) = w0 X2~ L %20 a4y
s mmog) X2 + 1, otherwise,

Vs = f3(X3) = X3, Yi= fa(Xs) = X
Relationships between samples of these variables are illus-
trated in Fig. 1. We have drawn 10,000 samples of these
random variables. Note that all variables are normalized
to have zero means and unit variances. The functions f;()
remain unknown for the inference part.
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Fig. 3. Inference errors for J,,,. (i.e., the NMC inference framework),
Jeopula (i-€., the copula method [12]), Jy (i.e., observed variables) and Jx
(i.e., latent variables) for setups of Example 1 (panel a) and Example 2
(panel b). Experiments have been repeated over 50 random realizations
of variables. The red line in the middle of each box is the sample median.
The tops and bottoms of each box are the 25th and 75th percentiles of
the samples, respectively. The performance of NMC and copula infer-
ence frameworks are comparable in the setup of Example 1, while in the
one of Example 2 NMC outperforms copula.

In the computation of NMC, if variables are continuous
and we only observe samples from their joint distributions,
the empirical computation of conditional expectations in
Algorithm 2 may be challenging owing to the lack of suffi-
cient samples. One approach to compute empirical condi-
tional expectations at point z; € R is to use all samples in its
B; neighborhood. With m samples {(z\”,...,2()}™, for
any 4, ¢, this leads to

m 1 - s Bl Bi
P;(,j,?)(i/ (l‘i7x7:,) = Ezl{xz € |:$’i - 7’177 +?:| )

s=1
By . B
——, Ty .
27 2

In our ACE implementations to compute NMC for continu-
ous variables we have considered both fixed and variable
window sizes (i.e., B;’s). In our simulations, in the variable
window size case, we consider 10 bins and choose B;’s so
that the number of samples in different bins are the same.

Let J be an estimation of the inverse covariance matrix.
Since in the underlying graphical model there are no edges
between nodes 1 and 3, and nodes 2 and 4 (Fig. 2), we use
(I7(1,3)[ + |J(2,4)1)/ Y1<ij<n |1 (i, §)| as a measure to evalu-
ate error in inferring the graphical model structure.

Fig. 3 shows inference errors for J,,. (i.e., the NMC infer-
ence framework), Jepu, (i-e., the copula method [12]), Jy
(i.e., observed variables) and .Jy (i.e., latent variables) for
Examples 1 and 2. In the case of Example 1, both NMC and
copula inference frameworks have small and comparable
errors. In the case of Example 2 where we violate the mono-
tonicity assumption of link functions, NMC appears to out-
perform copula. Experiments have been repeated over 50
random realizations of variables.

In this section we focused on the application of MC and
NMC in learning graphical models for functions of jointly
Gaussian variables. A similar MC/NMC framework can
potentially be useful in learning graphical models in other
setups such as tree graphical models with incomplete

(44)
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Fig. 4. (a) A nonlinear gene module of Glioma cancer (GBMLGG)

defined in Section 6.2, as a group of genes whose RNA sequence

counts are strongly and nonlinearly dependent among each other. (b)

Survival time curves for the corresponding nonlinear cancer module.

Survival times of cancer patients are significantly associated with aver-

age normalized RNA sequence counts of inferred gene module.

samples [60]. We leave further exploration of this applica-
tion for future research.

6.2 lllustration of Sample NMC’s Use in a Data
Application

Having illustrated applications of the NMC optimization in
learning nonlinear dependencies among variables, here we
provide an example to demonstrate NMC’s utility in a real
data application. We validate inference results with second,
distinct data set that was not used in the inference part. This
validation step provides evidence that inference results are
likely to be meaningful.

Data. Cancer is a complex disease involving abnormal
cell growth with the potential to invade or spread to other
parts of the body [61]. Different studies have shown associa-
tions of micro RNA patterns in different human cancers
[51], [62]. In this section, we use normalized RNA sequence
counts from the TCGA data portal for the Glioma cancer
(GBMLGG) at the gene level [51]. Other cancer types can be
considered in our framework as well. We use the processed
data provided in [51]. Let the variable X; denote the RNA
sequence counts of the gene i. We have samples from this
variable in m patients denoted by {z7}}_,. In the following
we explain inference assumptions and steps we have taken
in this application.

Inferring Nonlinear Gene-Gene Interactions. For each cancer
type, first we select the top 500 highly-variant genes based
on their normalized variances (i.e., n = 500) [63]. Let ¢} (X;)
for 1 <i <n be a solution for the NMC optimization (3)
over a complete graph without self-loops. Let Axyc € R™*"
be a symmetric adjacency matrix where Anpc[i,?] =
Ef¢; (Xi)¢;(Xy)] for 1 <4,i" <n. Moreover, let Ar;, be a
symmetric linear covariance matrix where Ap;,[i,i] =
E[X;Xy] for 1 <4,i < n. Fig. 4a illustrates top 5 percent of
elements of the |Anyc| — |ALin| matrix for the Glioma Can-
cer. The non-zero elements of this matrix represent gene
pairs whose RNA sequence counts are strongly and nonli-
nearly associated to each other. In Fig. 5, we consider some
other density parameters as well (e.g., 1 and 10 percent).

It is important to note that this real-data example is based
on several heuristic steps and assumptions about the under-
lying data that we explain below.

Assumptions. We assume that different RNA sequence
count samples for a gene (e, {z/}}’,) are independent.
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Fig. 5. An example illustrating the framework considered in Section 6.2
for Glioma (GBMLGG). Using normalized RNA sequence counts from
the TCGA data portal, we construct both linear (A4;,) and nonlinear
(Anumc) complete dependency graphs between genes. We then select
the top 5 percent interactions among genes in the NMC network with the
largest nonlinear association increases compared to their linear associa-
tion strengths. Then, using spectral clustering [65] along with a heuristic
step to merge small overlapping clusters, we identify dense and large
clusters over the thresholded network. In this example, we illustrate the
inferred nonlinear gene module over networks with density parameters
1, 5and 10 percent.

That is, there is no between-patient correlations among
these samples [64]. Also we assume that conditions of Theo-
rem 7 holds. That is, input data comes from, possibly non-
linear, functions of some latent jointly Gaussian variables
satisfying conditions of Theorem 7. These functions are
unknown and bijective. This assumption is less restrictive
than the one of the standard covariance analysis where
input variables are assumed to be jointly Gaussian.

Inferring Nonlinear Gene Modules. We partition each net-
work to k groups using a standard spectral clustering algo-
rithm based on the modularity transformation [65]. We
consider different values of & (between 1 and 20) to obtain
dense and large clusters. Then, in a heuristic manner, we
merge small and heavily overlapping modules to form large
and dense ones. We define a gene module as a group of genes
that are densely connected to each other in the network. A
gene module is called nonlinear if it is present in the NMC
network but not in the linear one. We use a permutation test
[66] to compute a p-value for each gene module in the net-
work by permuting the network structure and comparing
the density of the module in the original network with the
ones in permutated ones. We only consider gene modules
with p-values less than 0.05. An example of such a nonlinear
gene module module is illustrated by a yellow box in Fig. 4a.

Validations Using Survival Time Analysis. We partition indi-
viduals to two equal-size groups based on their average ranks
of normalized RNA sequence counts in that module to evalu-
ate if there are statistically significant differences between
survival times of patients in the two groups. In order to do
that, we perform a standard survival time analysis for each
module based on Kaplan-Meier procedure to estimate the
underlying survival function [67]. We compute its associated
log-rank p-value to determine its association with individual
survival times in the considered cancer type [68]. We perform
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Benjamini and Hochberg multiple hypothesis correction [69]
for the computed p-values of different nonlinear modules.
We find that this gene module is significantly associated with
survival times of cancer patients (Fig. 4b) while it is not
detected using linear association measures. Several referen-
ces [70], [71], [72], [73], [74] have hypothesized that complex
nonlinear relationships among genes may play important
roles in cancer pathways. The proposed NMC algorithm and
inferred nonlinear gene modules can be used in discovering
such complex nonlinear relationships in different cancer
types. To substantiate these inferences, further experiments
should be performed to determine the involvement of these
nonlinear gene interactions and modules in different cancers,
which is beyond the scope of the present paper.

7 PROOFS
7.1 Proof of Theorem 1

Proof. Recall that {y; ;};°, is the orthonormal basis of Hy,
for 1 <i <n. We can represent functions ¢; and ¢; in
terms of the basis functions, i.e., for any z; € X,z € Xy,

for two sequences of coefficients {a;;};2, and {ay;};2,
Thus, the constraint E[¢,(X})? ] =1 in optimization (3)
would be translated into )7, aj ; = 1 and the constraint
E[#,(Xk)] =0 is simplified to > 7%, ax;E[yy ;(X))] =0,
for k = i,4'. Moreover, we have

E[¢;(Xi Z aijay y B[y j(Xi)yy y (X)) (45)

Ji'=1

Thus, Network Maximal Correlation optimization (3) can
be re-written as follows:

{{ S}%p}w ZZGUW 7 Bl (X)) ¥y 7 (X))
@i jri=11j=1 i

Za7]E[I//7]X)] 0, 1<i<n.
Moreover, {; ;¥ }; ; form a basis for the following set
of functions {¢; s : X; x Xy — R : E[¢},(X;, Xir)] < oo}
Since Pk, x, (+,-) € belongs to this set of functions, we can
write

47)

Py, x, (i, ;)

Zp“ i (Ti) ¥y ().

77

This completes the proof. 0

7.2 Proof of Theorem 2

Proof. To prove Theorem 2, first we show that the con-
straints E[¢;(X;)] = 0 and E[¢;(X;)’] = 1 lead to the same
solution as the constraints var(¢;(X;)) = 1. We then show
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that the constraint a; L ,/p; can be incorporated into the
objective function, without changing the solution. ]

Lemma 1. The NMC optimization (3) can be written as follows:
Z E[(¢:(Xi) — ¢:)(¢s (Xy)

(i)eE

var(¢;(Xi)) = 1,

— )]
(48)
1 <1< n,

where ¢; and var (¢;(X;)) represent the mean and the variance
of the random variable ¢;(X;).

Proof. In this proof, we denote the random variable ¢;(X;)
by ¢,. We let the optimal objective value of optimization
(48) be py. We also let ¢ be an solution of (3). The set of
functions ¢! for ¢ =1,...,n is feasible for optimization
(48) and therefore we have p < p.. On the other hand, let
¢ be an solution of optimization (48). Let [157 = ¢ — ¢
The set of functions ¢, for i = 1,...,n is feasible for opti-
mization (3). Thus, we have p; > p.. Therefore, we have
that Pg = ,Z)(,n O

We have

L= E[p:(X)] - (Elg(X))* = llaill; — (aiy/P;)’
=al (= VPivp: )

We next show that the matrix I — \/p;,/p;  is positive semi-

definite and the only vectors in its null space are 0 and /p;.

This is because

(1= BV, )x = |IXlf; — (xy/P7)* > 0,

where we use Cauchy-Schwartz and ||,/p; Hg =1 to obtain
the last inequality (50). This inequality becomes an equality
if and only if x = 0 or x = ,/p;.

Now consider the objective function of optimization (48).
We have

E[(¢;(Xi) — ;) (¢ (Xir)
= aiTQz:i’ai’ - (37T\/P-L)(

(49)

(50)

E[¢;(X)py (Xir)] — iy
al (Qii — Piv/Pr )as-

g0 =
alvpy) =

Therefore, optimization (48) (which is equivalent to the
NMC optimization (3) according to Lemma 1) can be writ-

ten as,
Z - \/Pz'\/pi’T)az"
(i) eE

al (I— VP ai =1,

For each i, since I — ,/p; \/_ is positive semidefinte. Thus,
we can write I — /p; \/p—7 =B, BT Recall b; = B;a,. Thus,
constraints of optimization (51) can be written as b!b; =
|b;||3 = 1. We next write a; as a function of b;. Note that since
B, is not invertible, there are many choices for a; as a function
of b; characterized as follows: Let U;3;U! be the singular
value decomposition of B;. The vector ,/p; is the singular
vector corresponding to singular value zero ((7( = 0)

max
a;

3? (Qi,i’
(51)
1< <n.

a; :([UZ@ . Ui(‘XiD}diag(l/al(.Q), o 1/057”))

(52)
02, UMb, + ai /P, = Ab; + i /P,

where «; can be any scalar.® Below, we show that all choices
of a; according to (52) lead to the same objective function of
optimization (51):

al (Qis — VPP )ar =b] AT (Qiy — /P;\/Py ) Arby
+b] AT Qi — /B /Py ) /Py

+aiy/P; (Qi — \/ij\/p_qj’T)Ai’bi’

+ ai\/P_iT(Qi,i’ - \/ITZ-\/P_i/T)O‘i’\/ITﬂ

b7 AT (Qur — BBy ) Avby

+b] ATQ; o /Py + cin/P; Qi Avby

b7 AT (Qur — BB ") Arby + BT AL
+oiy/Py Ayby =bl AL (Qiv — /PPy ) Arby,

where (1) follows from ,/p," \/[T =1, P, VPi=1
\/l:TlQ”\/ﬁfl AT \/_—0 and /p;" Ay = 0; and (2) fol-
lows from \/sz Qi = \/_ and Q; /Py = /P;- Therefore,

the NMC optimization (3) can be written as

> b AT (Qir — Py ) Arby

(ii")eE

Ibill,=1 1<i<n.

7.3 Proof of Proposition 1

Proof. Let b be a solution of the MEP (19). Suppose that
there exists an 1<i<n such that )\ (b) < 0. Let
b= (by,...,b,) be defined as: b; = —b;, for any ¢ such
that \;(b) < 0, and by = by, otherwise. We show that
by ﬂ1pp1ng the sign of b; while keeping the rest of by
for ¢/ # i the same, () increases. To show this we have

r(b) —r(b) £ 267 3" by — 267 C; by
i'=1 i'=1

i'=1

c

—2b] Z C;.by

i'=1

—2X;(b;) > 0,

E

where Equations (1) and (4) follow from (20), Equation (2)
follows from the fact that by = by for i’ # i, and Equa-
tion (3) follows from the fact that b; = —b;. This com-
pletes the proof. 0

7.4 Proof of Theorem 4

Proof. For any realization of the partitioning, consider
NMC over all sub-graphs G,, (1 <m < M) and denote
the corresponding functions by ¢ for 1 < i < n. We have

3. Since B; is symmetric it has a set of |X;| orthonormal eigenvectors
and can be written as
|

B; = Z V_,agj)vf.

We have b; = ;M} i ﬁjvj and a; = Z‘ il 1 a;v;. From b; = B;a;, we obtain
thato; = ﬂj/a or j > 2, where «; can be any scalar.
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(i4")eE

= > Elgi(X)en(Xo)+ Y El](Xi)gp(Xa)]
(i, )€E\E® (i,i)eEC
M

US I B X)X+ S Elg(X)é5 (X))
m=1 (i,i")eEy, (i,i")eE

(2) M

sz Wt Y E(Xi)en (X))

m=1 (i.i)eE"

=pe+ Y U(ii) € EVE[; (X)) (Xo)],

(ii")eE

where Equation (1) comes from the graph partitioning
Definition 6, and inequality (2) comes from the fact
that pg,, is the NMC for the partition G,, = (V;,, EN
(Vin x V). Therefore, by taking expectation over the par-
titioning, we obtain

pe < Elpg] + epg,

which gives us

(I —e€)pe < Elpgl.

7.5 Proof of Theorem 5

Proof. We first present a lemma in which we bound the dif-
ference between () matrices, according to Definition 3, by
the difference between probability distributions. We then
use a sensitivity analysis of the optimization whose opti-
mum is NMC. o

Lemma 2. Let P and P be the matrix form of two joint probability
distribution on (X, Xy), such that Py, x, (zi,xs) = [P],
and Py, x, (z;,x7) = [P], , and where Dx,(P) = dlag(PX,
(z;) : x; € X;). We can bound the difference between Q; y and
Qm‘/ by the difference between P and P,as follows:

= Guslly < 57 VRIIDx(P) -

\/_”DX«(P)

Qi Dx,(P)l|

1 .
Dx, (P)ll +5\/?IIP—PHW
(53)

where 8 is the minimum probability of all elements of X; and
Xy, under both P and P, and K is the maximum alphabet
size. In particular, if HPXi,X,;/ —15;(1.7)(1,H0O <y and K=
max{|X;|,|X|}, then we have '

~ 1
Qi — Qiwlly < 2VK"?~ (54)
Proof. We have
HQM’ - QH’HZ
— ||Dx,(P)*PDx, (P) "t = Dx,(P) *PDx, (P) ¥||,.

We next msert the terms +Dy;, (P)%PDX., (]5)7% and
1 1 @

+Dx,(P) "PDyx, (P) 7,

inequality to obtain

pair the terms, and use triangle

241

~ -1 _1 ~ L
Qi = Qirlly < [|Dx;(P) 2P|yl Dx, (P) 2 = Dx, (P) 2|l
~ L ~ -1 ~ 1
+1Dx, (P) 2Ll Pla][Dx; (P) 2 = D, (P) 2],
~ -1 —1 =
+ 1Dx, (P)2[[o||Dx; (P) (|| [P = Plly,
(55)

where each term depends on the difference between P
and P. We have

1 M 1
Dx.(P) 2P|, < —=VvK
1D, (P) 2Pl < =75V
-1 ~ 1 _1 ~ L
|Dx, (P)"2 = Dx, (P) 2|l < [|Dx, (P) % = Dx, (P) ||
2 - 1
< [1Dx; (P) = D (Pl 5575

(56)

where inequality (1) comes from the Cauchy-Schwartz
inequality and the fact that ||P||, < VK||P||, < VK.
Inequality (2) follows from the fact that for =,y € R, we
have

R Ty ey = |z — I; (57)
EVE VRV VD T a(minge, )
Using (56) in (55) results in (53).

Moreover we have

1D, (P) = Dx,(P) |

= Z HPXl, 44444 X, — stl 1111 Xl < ),K'nfl. (58)

(X1, X X}

Using (58) and the fact that X > 1 in (53) results in
(54). This completes the proof of this Lemma. O

Let P and P be two distributions on X; x - -- x X,,. We shall
compare the solution of the two following optimization
problems

ma?x Z azTQi,i’ai
(i) eE
lall, =1, 1<i<n, (59
a; L \/ITiv 1<i<mn,

and

max Z azTQm’ai
(i,i" ek
ladl,=1, 1<i<n, (60)
a; 1 P77 1 S 7 S n

Let p; and pg be the optimal values for (59) and (60), respec-
tively. Recall that
8 = min (min{dy, (P),dx, (P)})

1<i<n

Suppose a; yields the optimum of optimization (59). Based
on this solution, we shall construct a feasible solution for
optimization (60) and then evaluate its objective function.
For any i, let
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*
a; +v;

¢ =7
Co g il

where v; = \/p; < aj \/P; > . Under the assumption
of Theorem 5 (e., y < 53/% '), we show that |[|v;|| < 1/2.
We have

il = 1VB; <aj,vPi = VB > Iy

¥ (61)
< [IVP:llala1lallvP; — VPilla

(4) N 1

<l = Pille 55

5 n—1

@ yE"t (62)

(6) 1

< a7

-2

where Inequality (3) comes from the Cauchy-Schwartz,
Inequality (4) comes from the facts that |[\/p;|l, =1,
llaj]l, =1, (57), Inequality (5) comes from the fact that
IIp;(5) — P; ()] < yK"!, and Inequality (6) comes from the
fact that 7”52 < 1 by the assumption of Theorem 5.

We claim ¢; is feasible for optimization (60). First note
that the norm of each ¢; is one. We next show that each ¢; is

orthogonal to /p;:

<Ci,

1
lla; + /P, <af7\/}T¢*\/IT¢> Il
(<aivp > + <ai. Vb - VB > IVRIIE) =0,
where the last equality follows from ||\/p;|l, =1 and

a; L \/p;- We now plug in the feasible solution ¢; into the
objective function of optimization (60)

p,> =

(7 -
P > Z c/ Qircy
(iq")ekE
@ Z a*TQ7z’a’+C (sz’_Qm)cz ( i

(i,i"\eE

+ a*?QM' (Cj/ — a;)

)Qz i Cit

©)

> pg — Z

(ii"eE

( }CqT (Qm' - Qi,i’)ci’| + !(QT - a*?>Qi,i’Ci’|

Term I Term II

+ ’a*iTQi,i’ (er — af/>| )7
Term III

(63)

where Inequality (7) comes from the fact that ¢; for 1 <i <n

is a feasible solution of optimization (60), Equality (8) comes

from adding and subtracting a*jTQiﬂ;/ a;, ¢/ Qcy and

a*iTQZ;J-/ ¢y, and Inequality (9) comes from the triangle

inequality and the fact that a;, 1 < ¢ < n is a solution of opti-

mization (59). Next, we bound terms I-III on the righthand
side of this relation.

Using Lemma 2, for any 4,7, we have
= Qiv)er| <Qiw — Qiwlly < 2%

|C7'T (Qu’ (64)

We also have

. T . T T T
|(Cll —a’; )Qi,i’ci’| < Hcf - a*i Hz”QNHz”Q’”g = ||CLI —a’; ||2

[lvill,
<2——
1—{villy’

where we use the following inequality

et o T ()
= +a -1
\|a+v7||2 2 I a+villy lla+villy >
Vi 1
< || Tl —1
lla+vills |1, lla+vill,
o et
< ———— + max — 1], -1
1wl 1= [will, 1+ {lvilly
[lvilly
— L= willy

(65)

where we used 1 — |||, < |la+ ], <1+]vi|, and the
fact that ||v;|| < 1/2 according to (61). Using (61) and (65),
we obtain

n—1
|<C-T - a*iT) Qicy| <2 vk

i W ) (66)

Using (64) and (66) in (63) leads to

- yK"
P > pe — Z <4 o HArK"!
(i,i")eE

1 8
53/2) > pg — )/K7I|E|8—2

Similarly, we have

pe =P~ Y <

(i,i")eE

1 _ o S
3/2) 2 Pa — )/K |E|87
Combining the previous two relations, we obtain

- o S

|pc — pal < YK |E|87,
which completes the proof.

7.6 Proof of Theorem 6
Proof. We use the following theorem in the proof. o

Theorem 10 ([75], [76]). Let P be a probability distribution on
a finite alphabet X. Also, let PU™ denote the empirical probabil-
ity distribution of X, obtained from m i.i.d. samples, {z;}}",,
drawn according to P. We have

< 467772}/7;.

P|[|P'™ — Pl >y 67)

Theorem 10 establishes that P and P are close to each
other for a sufficiently large sample size m.* Moreover, one can
use Theorem 5 to bound the difference between NMC values of

4. Note that concentration inequalities for empirical average of a dis-
crete random variable has been also studied in several other works
including [77], [78], [79], [80]. In particular, [78] exploits propertles of
the underlying distribution to provide tight bounds on P[||P(™
P||, > y]. This in turn provides a bound on P[||P(") — P|| _ > y] as well
However without additional assumptions on the underlying probabil-
ity distribution this bound is of the same order as the one presented in
Theorem 10 (see [78, Section 3]).
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distributions P and P™ by || P") — P|| . However, to prove
Theorem 6, we also need to bound the minimum sample proba-
bility of P'™). We explain these steps below.

We have

8 s
plox () 2 3] 2 B[P - P, <3

8/
>P|||P™ ~ Pl <=t
> B 1P = Pl < g0
(m) & fm%(—fi’,fl)z
21—P|:||Pr _P||N>W]Zl_4e 2K )

where the first inequality follows from §x, (P™) > —
8x,(P") = 8x,(P)| + 8x,(P) 2 8~ ||PY — Pyl and
the second inequality follows from HP)(;’;L) — Pyx||, <
K" |P™) — P||_.. Using the union bound, we obtain

m 6, m 8’
]P’[Q{SXZ(P( V) > 2}} =1- IP’[ U z’eV{SXi (P < 5}]
2
—mi (2
>1—4ne 2(2”71) .
By applying the union bound once more, we have

{IIPW _ Pl < y}ﬂ{ﬂ{sxi(ﬂm)) > %}H

eV

P

2
>1- 4neim%(“"8?> — 46”"%
. l 8' P] 2
Thus, with a large probability,i.e., 1 — 4ne my(ggat)” _ 46’7”%,

the minimum probability of P is bounded by § = &§' /2 and
|| Pt — P|| is bounded by y. o
8/

For givenn < lande < 1,welety:§2‘—E‘K’”and

2
32|E|K" 8n

my > 2| ——5—| log (—).
€(8") n

Now we use Theorem 5 with § =& /2. First note that
y < 8%2K! which is required as an assumption for invoking
Theorem 5. This leads to

3
106" = bl < VIBIK" 5 <,

with probability (at least)

1-— <4n67m“%(21x§%)2 — 4677"’”%2) >1-n.

7.7 Proof of Theorem7

Proof.
Leta = (ay,...,a,). Define
L .
Ur(a) £ Z Zai‘jai’,j (i)
(i,i")eE Zl (68)
Ula) £ Z Zai‘jai’,j (pi)-
(i7)eE j=1
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Leta® = a",... a")anda = (ay,...
of the following optimizations

,a,) be a solution

max Up(a)
N (69)
ac(,
and
max U(a)
N (70)
ac(C,

respectively, where ' is the feasible set of the optimiza-
tion (35). We first show for any L and any 1 <i <mn,
a;” =(0,s,...,0). We then show for any 1 <1i<mn, a
must be equal to (0, s;, . . .), completing the proof.

Claim 1. We first characterize a global maximizer of
optimization (69). Note that the constraint set C' can be
truncated w.l.o.g. to consider 1 <j < L. Let A be the
matrix of correlation coefficients where [A];; = p; ;.
Diagonal elements of A are all zero, as we ignore self-
loops. Define

(1)

T
X = (a1,17a2,17 ceey Gn 1, A12, .- 7a7L,L) .

Moreover, define Ay as an nL x nL matrix composed of
L? blocks of size n x n whose mth diagonal block is equal
to 2 A™, where A™[i,j] £ (A[4,4])™. Off-diagonal blocks
of Ay are all zeros. Moreover, define A; for1 < i <nasan
nL x nL matrix where A;[i + (m — 1)n,i+ (m —1)n] =1
for 1 <m < L, otherwise it is zero. Therefore, optimiza-
tion (69) can be re-written as the following standard qua-
dratic optimization:

1
max §XTA0X
* (72)
1 o 1 .
-x'" A;x—=<0, 1<i<n.
2 2

Note that equality constraints of optimization (69) are
replaced by inequality ones in optimization (72). This is
because, since (p,iﬁi/)z > 0, solutions of optimization (72)
belong to the boundary of its feasible set. Optimization
(72) is a non-convex quadratic optimization with qua-
dratic constraints. Reference [81] (Proposition 3.2)° char-
acterizes necessary and sufficient conditions for global
minimizers of a generalized form of optimization (72). Let
01,

X =[81,82,..+,8n,0,... (73)

where s; € {—1,1}, for 1 < i < n. Using Proposition 3.2
and Theorem 3.1 of [81], to have X as a global minimizer
of optimization (72), we need to have

<Z AiAi — A0> x=0 (74)
i=1
and

D> XA Ay =0, (75)

i=1

where \; > 0, and A > 0 means that A is a positive semi-
definite matrix. Using definitions of Ay, A;, and X,

5. Optimization (72) can be stated as a minimization by replacing
— A instead of A to use Proposition 3.2 of Reference [81].
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Equation (74) is satisfied iff

A =2 sisipy 20, 1<i<n (76)
i#i
Using (76) and Gerschgorin’s circle theorem, if
> (M =sisp)piy >0, VI<i<n, (77)
i
D _sisup 2 ) piy VI<i<n, (78)
i i+

conditions (75) are satisfied. Thus, X is a global minimizer
of optimization (72), establishing that for any L and any
1<i< nwehaveéEL) =(0,1,...,0).

Claim 2. Let a* = (aj, ..., a))) where aj = (0,s;,...) for
all 1 <4 < n. We next show that a = a*. We proceed by
contradiction. Let

A2 U@R) - Ua). (79)

By the contradiction assumption A > 0. Since (,OM!)L -0
as L — oo forall i # ¢/, Uy (-) converges uniformly to U(-).
Thus there exists Ly such that for L > Lj and any a, we
have

Vsta) ~ Ula)| < 5. (80)
Therefore we have
Ur(a) > U(a) —% (81)
— U@ +A - %
ZUL(a*)—%—&—A—% (82)
A

= UL(a*) +§ > UL(a*).

This is in contradiction with the assumption that a* is
the maximizer of Up(.). Putting Claims 1 and 2 together
completes the proof. O

7.8 Proof of Proposition 3

Proof. Under assumptions of Theorem 7 and using the defi-
nition of Hermite-Chebyshev polynomials (31), we can
restrict the feasible set of optimization (3) to the set of func-
tions ¢;(X;) = ;X; where s; € {—1,1} for all 1 <i<n.
Moreover, we have

E[¢; (Xi)py (Xir)] = SiSi! Py it -
Furthermore, E[s;X;]=E[X;]=0, and E [(siXi)Q} =
E[X?] = 1. This completes the proof. O

7.9 Proof of Theorem 9

Proof. The proof of the first part of this Theorem is straight-
forward. To prove the second part, we re-write optimiza-
tion (40) as follows:

(83)

Define ¢,;(X;) = ¢;(fi(X;)) for 1 <i <mn. Since f;’s are
bijective, feasible regions of optimizations (83) and (3)
are equal. Under the assumptions of Corollary 4,
¢; (Xi) = Xi. Thus, g; (fi(Xi)) = X 0

8 DiscusSION AND CONCLUSION

The techniques we have developed in this paper can be
used in other related formulations as well. In the following,
we briefly highlight two examples of such formulations,
namely absolute NMC and regularized NMC. Considering
further properties of these optimizations is beyond the
scope of the present paper.

8.1 Other Objective Functions

The optimization (3) maximizes aggregate pairwise correla-
tions over the network. In some applications, the strength of
an association does not depend on the sign of the correlation
coefficient. In those cases, one can re-write the NMC optimi-
zation (3) to maximize the total absolute pairwise correla-
tions over the graph as follows:

Definition 9 (Absolute Network Maximal Correlation).
Consider the following optimization:

Pe(Xi sup Y [E[¢i(Xi) ¢ (Xi)], (84)
Pro®n (iVeR
such that ¢; : X; — R is Borel measurable, E[¢;(X;)] = 0, and
E[p;(X;)?] = 1, forall 1 <i<n.G = (V,E) is a graph with
vertices 'V ={1,2,...,n} and edges E ={(i,i"):i,i €
Vi # 1'}. We refer to this optimization as an absolute NMC
optimization.

 Xn) 2

A similar approach can be used to characterize the abso-
lute NMC optimization (84) by introducing extra variables
s;# to represent correlation signs of edges (i,4'):

sup Z si.0 B[ (Xi) i (X))
¢1 ----- ¢n (i,i/)EE
Bl,(X)) = 0.Eg(X) =1, 1<i<n O
S; il € {71, 1}7 1 < i,’i, <n.

The NMC optimization (3) results in n possibly nonlinear
transformation functions ¢; (X;) whose correlation with the
original variables can be small. In some applications, one
may wish to restrict the set of possible transformations of
the NMC optimization to control the correlation between
transformed and original variables. This can be done by
introducing a regularization term in the definition of NMC
as follows.

Definition 10 (Regularized NMOC). The regularized NMC of
real-valued X,,..., X, connected by a graph G = (V,E) is
defined as the solution of the following optimization:

PE(X1,..., X,) = sup (1—)) Z E[¢;(Xi) ¢ (Xi)]
P1oeeibn (i)eE
+ )\ZE[G/%(XO (X; — E[X;])],

eV
(86)

such that ¢; : X; — R is Borel measurable, E[¢;(X;)] = 0, and
Elp:(X;)?] =1, forall 1 <i < n. G = (V, E) is a graph with
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vertices V ={1,2,...,n} and edges E = {(i,7):i,7 €V,
i # 1'}. 0 < X < 1is the reqularization parameter.

Unlike MC and NMC, which only depend on the joint
distributions of variables, the regularized NMC depends on
both joint distributions and support of variables because of
the regularization term. Moreover, one can define regular-
ized absolute NMC similarly to the optimization (84).

Let the optimal transformation functions computed by
optimization (86) be ¢;,(X;). If A =0, ¢;,(X;) = ¢;(Xi),
while if A =1, ¢, (X;) = X;. By varying A between 0 and 1,
#; \(X;) vary from ¢} (X;) to X;. Define

Rea(X1,....X) 2 Y E [¢;‘A(Xi) ¢>;‘,7/\(X,,-r)} .

(ii")eE

Therefore, Ry = pg while R ; is the total linear correlations
over the network. By the definition of NMC, Rg > Rg 1.
Note that we can use a similar algorithm to Algorithm 2 to
compute regularized NMC of Definition 10. The objective
function of the regularized NMC optimization (86) can be
written as follows:

SB[ (152 X eu(Xn) + A~ EX) | .

icV JEN (i)
(87)

where N (i) represents the set of neighbors of node 7 in
the graph G = (V, E). To compute the regularized NMC,
one can use an algorithm similar to the ACE Algorithm 2
with the following updates for transformation functions:

1-A
¢ (Xi) =E|—— D b0(X) + MX: — E[X)])| X
JEN(3)

(88)

8.2 Conclusion

In this paper, we propose NMC as a measure to capture
nonlinear associations among variables. We show that
NMC extends the standard bivariate MC to the case of hav-
ing large number of variables, by assigning each variable to
a single transformation function, thus avoiding over-fitting
issues of using multiple MC optimizations over variable
pairs. We also introduce a regularized NMC optimization
which penalizes total distances of inferred transformed var-
iables from the original ones. One can use other standard
regularization techniques to further restrict inferred nonlin-
ear functions in practical applications.

One of the main contributions of this work is providing a
unifying framework to compute NMC (and therefore, MC)
for both discrete and continuous variables using projections
over appropriate Hilbert spaces. Using this framework, we
establish a connection between the NMC optimization with
the MCP and MEP for discrete random variables, and with
the Max-Cut problem for jointly Gaussian variables. Using
these relationships, we provide efficient algorithms to com-
pute NMC in different cases. Note that properties of NMC
for finite discrete variables characterized in Theorems 5 and 6
depend on minimum marginal probabilities of variables (i.e.,
8). Therefore, extending these properties to the continuous
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case is not straightforward and requires exploiting techni-
ques tailored for continuous variables and measures. To com-
pute NMC for continuous random variables with general
distributions, one can use the proposed optimization frame-
work by choosing appropriate orthonormal basis for Hilbert
spaces. For example, we use projections over Hermite-
Chebyshev polynomials to characterize a solution of the
NMC optimization for jointly Gaussian variables. Finally
note that the inferred, possibly nonlinear, functions of the
NMC optimization can be used in other applications such as
nonlinear regression.
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